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Introduction
Disturbance attenuation problem
Preconditions,H2 (LQG) andH∞ design
ConnectingH2 (LQG) andH∞ control

Standard linear plant modelP

Linear controllerK

External disturbanceW

ControlU

Controlled outputZ

MeasurementY

P

K

Z W

UY

Controller synthesis problem

Find controllerK to stabilize closed-loop system and minimize some performance
criterion

J(K) → min
K∈K

� LQG (H2) problem,W is Gaussian white noise: E|zk|2 → minK∈K

� H∞ optimization problem,W ∈ `2 : ‖Tzw‖∞ → minK∈K

or (suboptimal problem) ‖Tzw‖∞ < γ
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Introduction
Disturbance attenuation problem
Preconditions,H2 (LQG) andH∞ design
ConnectingH2 (LQG) andH∞ control

H2 norm:

‖F‖2 :=
(

1
2π

∫ π

−π

tr(F̂(ω)F̂∗(ω))dω

)1/2

H∞ norm:

‖F‖∞ := sup|z|<1 σ(F(z)) = ess supω∈Ω σ(F̂(ω))

F̂(ω) := F(eiω) ω ∈ Ω := [−π, π] σ(F) :=
√

λmax(F∗F)

Similarity

Riccati equations

γ → +∞,H∞ Riccati equations→ H2 (LQG)

Difference

H∞ : maximum of gain-frequency response→ min

H2 : average amplitude over all frequences→ min
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Introduction
Disturbance attenuation problem
Preconditions,H2 (LQG) andH∞ design
ConnectingH2 (LQG) andH∞ control

Disturbance assumptions

H2 (LQG) : Gaussian white noise

H∞ : square integrable (summable) signal

If disturbance signal assumption violates

H2 (LQG) : closed-loop system cannot perform wellif disturbance is “far from”
Gaussian white noise

H∞ : control can bevery conservativeif input signal is “close enough” to
Gaussian white noise
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Introduction
Disturbance attenuation problem
Preconditions,H2 (LQG) andH∞ design
ConnectingH2 (LQG) andH∞ control

Trade-offs betweenH2 andH∞ problems

suboptimalH∞ controller is not unique
⇒ additional performance criterion can be considered

natural choice:H2 norm of closed-loop transfer function

[Bernstein, Haddad, 1989]

‖Tzw‖∞ < γ

‖Tzw‖2 → min

[Mustafa, Glover, 1991]

‖Tzw‖∞ < γ

sup‖Tzw‖2 → min
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Introduction
Disturbance attenuation problem
Preconditions,H2 (LQG) andH∞ design
ConnectingH2 (LQG) andH∞ control

SuboptimalH∞ controller minimizing H∞ entropy functional
[Mustafa & Glover, 1991]

‖F‖∞ < γ

J(γ, F) := − γ2

2π

π∫
−π

ln det
(

Im− γ−2F̂∗(ω)F̂(ω)
)

dω → min

Some features

J(γ, F) > ‖F‖2
2

H∞ entropy minimization is equivalent to risk sensitivity problem

resulting (central) controller is unique
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Relative entropy (Kullback-Leibler informational divergence)
[Cover & Thomas, 1991], [Gray, 1991]

D(P‖M) :=

{
E ln

dP
dM

if P� M

+∞ otherwise

P, M : probability measures on measurable space(Ω,F)
E : taken overP

dP/dM : Ω → R+ is the Radon-Nikodym derivative

Recall [Gray, 1991]

Ω = Rm P, M � mesm with PDFs f , g

D(P‖M) =
∫

Rm

f (x) ln
f (x)
g(x)

dx

Michael Tchaikovsky Anisotropic control design by convex optimization



Background
Bounded Real Lemma for anisotropic norm

Synthesis of anisotropic suboptimal controllers
Multiobjective and robust synthesis problems

Numerical examples

Some definitions from information theory
Anisotropy of random vector
Mean anisotropy of random sequence
Anisotropic norm of linear system
Linear matrix inequalities (from lectures of Didier Henrion)

Differential entropy [Cover & Thomas, 1991]

h(X) := −E ln f (X) = −
∫

Rm

f (x) ln f (x)dx

X : random vector

f : PDF

Mutual information [Gray, 1991]

I(X; Y) :=
∫

Rm1×Rm2

f12(x, y) ln
f12(x, y)

f1(x)f2(y)
dxdy

X, Y : random vectors

f1, f2 : marginal PDFs

f12 : joint PDF
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Gaussian PDF with zero mean and covariance matrixλIm:

pm,λ(w) := (2πλ)−m/2 exp

(
−|w|

2

2λ

)
w ∈ Rm

For anyW ∈ Lm
2 with PDF f : Rm → R+

D(f‖pm,λ) = E ln
f (W)

pm,λ(W)
=

m
2

ln(2πλ) +
E|W|2

2λ
− h(W),

h(X) := −E ln f (X) = −
∫

Rm

f (x) ln f (x)dx

Anisotropy of random vector [Vladimirov et al., 2006]

A(W) := min
λ>0

D(f‖pm,λ) =
m
2

ln

(
2πe
m

E|W|2
)
− h(W)

minimum is achieved atλ = E|W|2/m
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Gm(µ,Σ) : class of Gaussian vectorsW ∈ Rm with PDF

p(w) := (2π)−m/2(detΣ)−1/2 exp

(
−1

2
‖w− µ‖2

Σ−1

)
‖w‖M :=

√
wTMw

Anisotropy: Basic properties [Vladimirov et al., 2006]

1 A(σUW) = A(W) for any orthogonalU ∈ Rm×m andσ ∈ R \ {0}
2 for any(m×m)-matrixΣ � 0

min
{

A(W) : W ∈ Lm
2 , E(WWT) = Σ

}
= −1

2
ln det

mΣ
tr Σ

minimum is only achieved atW ∈ Gm(0,Σ)
3 A(W) > 0 for anyW ∈ Lm

2 , andA(W) = 0 if and only if W ∈ Gm(0, λIm) for
someλ > 0
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Discrete-time random signalW := (wk)−∞<k<+∞ : stationary sequence of random
vectorswk ∈ Lm

2
On time interval[s, t] :

Ws:t :=

ws
...

wt


Assumption:W0:N is distributed absolutely continuously∀N > 0

Mean anisotropy of random sequence [Vladimirov et. al, 2006]

A(W) := lim
N→+∞

A(W0:N)
N

Michael Tchaikovsky Anisotropic control design by convex optimization



Background
Bounded Real Lemma for anisotropic norm

Synthesis of anisotropic suboptimal controllers
Multiobjective and robust synthesis problems

Numerical examples

Some definitions from information theory
Anisotropy of random vector
Mean anisotropy of random sequence
Anisotropic norm of linear system
Linear matrix inequalities (from lectures of Didier Henrion)

Mean anisotropy and mutual information [Vladimirov et al., 2006]

A(W) = A(w0) + I(w0; (wk)k<0)

where
I(w0; (wk)k<0) := lim

s→−∞
I(w0; Ws:−1)

For Gaussian random sequenceW

I(w0; (wk)k<0) =
1
2

ln det
(
cov(w0) cov(w̃0)−1

)
where

w̃0 := w0 − E(w0 | (wk)k<0)
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Let V := (vk)−∞<k<+∞, vk ∈ Gm(0, Im). SupposeW = GV :

wj =
∑+∞

k=0
gkvj−k −∞ < j < +∞

Spectral density ofW: S(ω) := Ĝ(ω)Ĝ∗(ω) − π 6 ω < π

Ĝ(ω) := G(eiω) G(z) :=
∑+∞

k=0
gkz

k ∈ Hm×m
2

In terms of Sand G [Vladimirov et al., 1996]

A(W) = − 1
4π

∫ π

−π

ln det
mS(ω)
‖G‖2

2

dω

Basic properties of mean anisotropy:
1 0 6 A(W) < +∞ if rankĜ(ω) = m for almost allω ∈ [−π, π)
2 A(W) = +∞ otherwise
3 A(W) = 0 if and only if G is an all-pass system up to a nonzero constant factor,

in which case
S(ω) = λIm − π 6 ω < π

for someλ > 0, so thatW ∈ Gm(0, λIm)
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F ∈ Hp×m
∞ : LDTI system with inputW = GV, V ∈ Gm(0, λIm), and outputZ = FW

Denote

Ga :=
{

G ∈ Hm×m
2 : A(G) 6 a

}
Wa := {W ∈ `m

P : A(W) 6 a}

‖W‖P :=

(
lim

N→∞

1
2N + 1

N∑
k=−N

E|wk|2
)1/2

=
(

1
2π

∫ π

−π

tr S(ω)dω

)1/2

Anisotropic norm of LDTI system [Vladimirov et al., 1996]

|||F|||a := sup
G∈Ga

‖FG‖2

‖G‖2
= sup

W∈Wa

‖Z‖P
‖W‖P

Important properties of anisotropic norm:

1√
m
‖F‖2 = |||F|||0 6 lim

a→+∞
|||F|||a = ‖F‖∞ (1)

|||F|||a < +∞ ⇔ systemF is stable
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How to calculate the anisotropic norm in state space? [Vladimirov et al., 1996]

F ∈ Hp×m
∞ :

[
xk+1

zk

]
=
[

A B
C D

] [
xk

wk

]
, −∞ < k < +∞

|||F|||a =
(

1
q

(
1− m

tr(LPLT + Σ)

))1/2

R = ATRA + qCTC + LTΣ−1L
L := Σ(BTRA + qDTC)
Σ := (Im− BTRB− qDTD)−1

P = (A + BL)P(A + BL)T + BΣBT

a = −1
2

ln det

(
mΣ

tr(LPLT + Σ)

)
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Most general form of linear matrix inequality:

F(x) = F0 +
∑n

i=1
xiFi < 0

Fi = FT
i are given

xi are decision variables

< 0 stands for positive semidefinite (nonnegative eigenvalues)

actually affine matrix constraint

convexfeasible set{x ∈ Rn : F(x) < 0}
strict versionF(x) � 0 means strictly positive eigenvalues

Traditional form of LMIs in control theory (e.g. Lyapunov inequality):

∃P = PT � 0: ATP + PA≺ 0

m

system ẋ(t) = Ax(t) is stable (all trajectories converge to zero)
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Most important instruments:

Schur theorem (complement)[
A(x) B(x)
B(x)T C(x)

]
< 0

C(x) � 0
⇔

A(x)− B(x)C(x)−1B(x)T < 0

C(x) � 0

Elimination (projection) lemma

A(x) + B(x)XC(x)T + C(x)XTBT(x) � 0 ⇔
WT

B(x)A(x)WB(x) � 0

WT
C(x)A(x)WC(x) � 0

WB, WC are orthogonal complements ofB, C

x independent of matrixX
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BRL in terms of inequalities
Limiting cases of anisotropic norm asa→ 0, +∞
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Standard linear plant modelP

Linear controllerK

External disturbanceW

ControlU

Controlled outputZ

MeasurementY

P

K

Z W

UY

Suboptimal synthesis problem

Givena > 0, γ > 0, find a controllerK that stabilizesFl(P, K) s.t.

|||Tzw|||a < γ (2)

Analysis problem

Givena > 0, γ > 0, verify if (2) holds true
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Theorem 1

F ∈ Hp×m
∞ :

[
xk+1

zk

]
=
[
A B

C D

] [
xk

wk

]
(3)

Givena > 0, γ > 0,
|||F|||a < γ

if and only if there existsη > γ2 such that

η − (e−2a det(ηIm−BTΦB−DTD))1/m < γ2 (4)

holds true for a real(n× n)-matrixΦ = ΦT � 0,[
ATΦA− Φ + CTC ATΦB + CTD

BTΦA + DTC BTΦB + DTD− ηImw

]
≺ 0 (5)

Corollary: computing anisotropic norm.Denoteγ̂ := γ2

γ̂ → inf over η, Φ, γ̂ that satisfy (4), (5)

|||F|||a =
√

γ̂?
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−det(Ψ)1/m, Ψ ∈ Rm×m, Ψ = ΨT � 0 — convex function
det(Ψ)1/m = m

√
λ1(Ψ) · . . . · λm(Ψ) — geometric mean of eigenvalues

Geometric mean of two nonnegative
variables:the set{[

x1

x2

t

]
∈ R3 : x1, x2 > 0,

√
x1x2 > 0

}
is representable as a second-order cone
(SOC) [Ben-Tal, Nemirovskii, 2000]:

∃u: u > t,

∥∥∥∥[ u
x1−x2

2

]∥∥∥∥ 6
x1 + x2

2
Geometric mean of 2k nonnegative variables:the set

 x1

.

.

.
x2k

t

 ∈ R2k+1 : xi > 0, 2k
√

x1 · . . . · x2k > 0


is also SOC-representable (iteratively)

Michael Tchaikovsky Anisotropic control design by convex optimization
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SOC is LMI-representable [Lobo, Vandenberghe, Boyd, Lebret, 1997]

Example: the Lorentz cone

L =
{[

x
t

]
∈ Rn+1 : ‖x‖ 6 t

}
can be represented as

L =
{[

x
t

]
∈ Rn+1 :

[
tIn x
xT t

]
< 0

}
{Ψ = ΨT � 0: − det(Ψ)1/m 6 t} can be represented by{

Ψ = ΨT � 0:
[

X ∆
∆T diag∆

]
< 0, t 6 (δ1 · . . . · δm)1/m

}
where∆ is a lower triangular matrix of additional variables with diagonal
elementsδi ; t 6 (δ1 · . . . · δm)1/m (hypograph of a concave monomial) is conic
representable [Ben-Tal, Nemirovskii, 2000]
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Numerical solution:interface YALMIP [Löfberg, 2004], functiongeomean, solver
SeDuMi [Sturm, 1999] in Matlab or Scilab

SeDuMi = Self-Dual-Minimization:implements self-dual embedding technique for
optimization over self-dual homogeneous cones

Y.Ye, M.J. Todd, and S. Mizuno. AnO(
√

nL)-iteration homogeneous and
self-dual linear programming algorithm //Mathematics of Operations Research,
19:53–67, 1994.

Y. Nesterov and M.J. Todd. Self-scaled barriers and interior-point methods for
convex programming //Mathematics of Operations Research, 22(1):1–42, 1997.

J.F. Sturm. Primal-Dual Interior Point Approach to Semidefinite Programming,
volume 156 ofTinbergen Institute Research Series. Thesis Publishers,
Amsterdam, The Netherlands, 1997.
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η − (e−2a det(ηIm−BTΦB−DTD))1/m < γ2[
ATΦA− Φ + CTC ATΦB + CTD

BTΦA + DTC BTΦB + DTD− ηImw

]
≺ 0

a→ 0 : lim
a→0

|||F|||a = 1√
m‖F‖2

ATΦA− Φ + CTC ≺ 0

tr(BTΦB + DTD) < mγ2

m

‖F‖2 <
√

mγ

a→ +∞ : lim
a→+∞

|||F|||a = ‖F‖∞

 ATΦ̄A− Φ̄ ATΦ̄B CT

BTΦ̄A BTΦ̄B− γIm DT

C D −γIp

 ≺ 0

m

‖F‖∞ < γ
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Theorem 2 (BRL in reciprocal matrices)

GivenF ∈ Hp×m
∞ with realization (3),a > 0, γ > 0,

|||F|||a < γ

if there existsη > γ2 such that

η − (e−2a detΨ)1/m < γ2 (6)

holds true for real(m×m)-matrixΨ = ΨT � 0 and(n× n)-matrixΦ = ΦT � 0 that
satisfy

 Ψ− ηIm BT DT

B −Φ−1 0
D 0 −Ip

 ≺ 0


−Φ 0 AT CT

0 −ηIm BT DT

A B −Φ−1 0
C D 0 −Ip

 ≺ 0 (7)
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BRL in synthesis problem

Let Π := Φ−1

|||F|||a < γ

⇑

find η > γ2, matrixΨ � 0 and reciprocal matricesΦ � 0, Π � 0, ΦΠ = In that
satisfy LMI (7) under constraint (6) or determine insolvability

Examples of algorithms for searching reciprocal matrices:
1 Apkarian P. and Tuan H.D. Concave programming in control theory // J. of

Glob. Opt., 1999, Vol. 15, p. 343–370.
2 Balandin D.V. and Kogan M.M. Synthesis of controller on the base of a solution

of linear matrix inequalities and a search algorithm for reciprocal matrices //
Automation and Remote Contr., 2005, Vol. 66, No. 1, p. 74–91.

3 Polyak B.T. and Gryazina E.N. Hit-and-Run: Randomized technique for control
problems recasted as concave programming // Proc. 18th IFAC World Congr.,
Milano, Italy, 2011.
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Algorithm on the base of conditional gradient method for concave function
[Apkarian & Tuan, 1999]:

1 k = 0. Choose initial valuesΠ0 > 0, Φ0 > 0, which satisfy (7) for someΨ, η

2 Solve local convex program:

tr (Π + Φ−1
k ΦΦ−1

k ) → min

over Ψ,Φ,Π, η that satisfy (7) and

[
Π I
I Φ

]
< 0

(8)

3 If (8) is solvable and unknown variables are found, verify stop conditions

| tr (Π + Φ−1
k ΦΦ−1

k )| < ε kN 6 k (9)

ε — given accuracy,kN — given maximum number of iterations. One of
conditions (9) holds, algorithm stops

4 k := k + 1; Φk := Φ; go to step 2
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State-feedback control
Fixed-order output-feedback controller
Full-order output-feedback controller
Static output-feedback control

1 Background
Some definitions from information theory
Anisotropy of random vector
Mean anisotropy of random sequence
Anisotropic norm of linear system
Linear matrix inequalities (from lectures of Didier Henrion)

2 Bounded Real Lemma for anisotropic norm
BRL in terms of inequalities
Limiting cases of anisotropic norm asa→ 0, +∞
BRL in synthesis problem

3 Synthesis of anisotropic suboptimal controllers by convex optimization
State-feedback control
Fixed-order output-feedback controller
Full-order output-feedback controller
Static output-feedback control

4 Multiobjective and robust synthesis problems
Multiobjective (multichannel) control
Robust control

5 Numerical examples
Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection
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Standard LDTI state-space model:

P(z) :

 xk+1

zk

yk

 =

 A Bw Bu

Cz Dzw Dzu

Inx 0 0

 xk

wk

uk


yk = xk ∈ Rnx, zk ∈ Rpz, wk ∈ Rmw, uk ∈ Rmu, A(W) 6 a

Problem 1. Synthesis of state-feedback anisotropic controller

Givena > 0 γ > 0, find a state-feedback controller

uk = Kxk

that stabilizes closed-loop systemTzw(z) with realization[
A B

C D

]
=
[

A + BuK Bw

Cz + DzuK Dzw

]
i.e. ensuresρ(A + BuK) < 1, such that|||Tzw|||a < γ
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Theorem 3. Solution to state-feedback controller synthesis problem

Givena > 0 andγ > 0, anisotropic controlleruk = Kxk that ensures
ρ(A + BuK) < 1 and|||Tzw|||a < γ exists, if inequalities

η − (e−2a detΨ)1/mw < γ2 (10) Ψ− ηImw BT
w DT

zw
Bw −Π 0
Dzw 0 −Ipz

 ≺ 0 (11)


−Π 0 ΠAT + ΛTBT

u ΠCT
z + ΛTDT

zu
0 −ηImw BT

w DT
zw

AΠ + BuΛ Bw −Π 0
CzΠ + DzuΛ Dzw 0 −Ipz

 ≺ 0 (12)

η > γ2 Ψ � 0 Π � 0 (13)

are solvable w.r.t.η, real(mw ×mw)-matrixΨ, (nx × nx)-matrixΠ and
(mu × nx)-matrixΛ. If problem (10)–(13) is solvable and unknown variables are
found, thenK = ΛΠ−1
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Corollary: Inequalities (10)–(13) are convex inΨ, affine inΠ andΛ, and also linear
in γ2. Minimizing γ2 under convex constraints (10)–(13), we minimizeγ. Denote
γ̂ := γ2. Conditions of Theorem 3 allows minimizeγ by solving convex
optimization problem

γ̂ → inf
over η, Ψ,Π,Λ, γ̂ that satisfy (10)–(13)

(14)

If problem (14) is solvable, state-feedback anisotropic controller is computed similar
to Theorem 3:K = ΛΠ−1

Anisotropicγ-optimal controller

Anisotropic controllers computed by solving convex optimization problems similar
to (14) are calledanisotropicγ-optimalcontrollers
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Standard LDTI state-space model:

P(z) :

 xk+1

zk

yk

 =

 A Bw Bu

Cz Dzw Dzu

Cy Dyw 0

 xk

wk

uk


xk ∈ Rnx, wk ∈ Rmw, uk ∈ Rmu, zk ∈ Rpz, yk ∈ Rpy, A(W) 6 a
Dynamic output-feedback controller with stateξk ∈ Rnξ :

K(z) :
[

ξk+1

uk

]
=
[

Ac Bc

Cc Dc

] [
ξk

yk

]
(15)

Kimura’s condition of ordernξ :

nξ > nx −mu − py

Problem 2. Synthesis of fixed-order output-feedback controller

Givena > 0 γ > 0, find output-feedback controller (15) of fixed-ordernξ that
stabilizes closed-loop system (ρ(A) < 1) and ensures|||Tzw|||a < γ
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Apply conditions (6), (7) of Theorem 2 to closed-loop realization

[
A B

C D

]
=

 A + BuDcCy BuCc Bw + BuDcDyw

BcCy Ac BcDyw

Cz + DzuDcCy DzuCc Dzw + DzuDcDyw

 (16)

Corollary. Solution to fixed-order controller synthesis problem

Givena > 0 andγ > 0, controllerK(z) of fixed-ordernξ that stabilizes closed-loop
system (ρ(A) < 1) and ensures|||Tzw|||a < γ exists, if inequalities (18)–(21) are
solvable w.r.t.η, real(mw ×mw)-matrixΨ, controller realization matrices
Ac ∈ Rnξ×nξ , Bc ∈ Rnξ×py, Cc ∈ Rmu×nξ , Dc ∈ Rmu×py and two reciprocal
(n× n)-matricesΦ, Π,

ΦΠ = In (17)

wheren = nx + nξ
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Corollary. Solution to fixed-order controller synthesis problem

η − (e−2a detΨ)1/mw < γ2 (18)
Ψ− ηImw ∗ ∗ ∗

Bw + BuDcDyw −Π11 ∗ ∗
BcDyw −ΠT

12 −Π22 ∗
Dzw + DzuDcDyw 0 0 −Ipz

 ≺ 0 (19)


−Φ11 ∗ ∗ ∗ ∗ ∗
−ΦT

12 −Φ22 ∗ ∗ ∗ ∗
0 0 −ηImw ∗ ∗ ∗

A + BuDcCy BuCc Bw + BuDcDyw −Π11 ∗ ∗
BcCy Ac BcDyw −ΠT

12 −Π22 ∗
Cz + DzuDcCy DzuCc Dzw + DzuDcDyw 0 0 −Ipz

 ≺ 0 (20)

η > γ2 Ψ � 0 Φ :=
[

Φ11 Φ12

ΦT
12 Φ22

]
� 0 Π :=

[
Π11 Π12

ΠT
12 Π22

]
� 0

(21)
ΦΠ = In
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From block partitioning in (21) and condition (17) it follows that

Φ
[

Π11

ΠT
12

]
=
[

Inx

0

]
ΦΠ1 = Φ1 ΠΦ1 = Π1

Φ1 :=
[

Inx Φ11

0 ΦT
12

]
Π1 :=

[
Π11 Inx

ΠT
12 0

]
(22)

It can be verified by direct calculation:

ΠT
1ΦΠ1 = ΦT

1Π1 = ΦT
1ΠΦ1 = ΠT

1Φ1 =
[

Π11 Inx

Inx Φ11

]
(23)

Linearizing change of variables [Gahinet, 1996]

Ac := Φ12AcΠT
12 + Φ12BcCyΠ11 + Φ11BuCcΠT

12 + Φ11(A + BuDcCy)Π11 (24)

Bc := Φ12Bc + Φ11BuDc (25)

Cc := CcΠT
12 + DcCyΠ11 (26)

Dc := Dc (27)
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Theorem 4. Solution to full-order output-feedback controller synthesis problem

Givena > 0 andγ > 0, dynamic output-feedback controllerK of full ordernξ = nx

such thatρ(A) < 1 and|||Tzw|||a < γ exists, if inequalities (28)–(31) are solvable w.r.t.
η, real(mw ×mw)-matrixΨ, matricesAc ∈ Rnx×nx, Bc ∈ Rnx×py, Cc ∈ Rmu×nx,
Dc ∈ Rmu×py and two(nx × nx)-matricesΠ11, Φ11. If problem (28)–(31) is solvable
and unknown variables are found, then controller realization matricesAc ∈ Rnx×nx,
Bc ∈ Rnx×py, Cc ∈ Rmu×nx, Dc ∈ Rmu×py are uniquely defined by

Dc := Dc

Cc := (Cc − DcCyΠ11)Π−T
12

Bc := Φ−1
12 (Bc − Φ11BuDc)

Ac := Φ−1
12 (Ac − Φ12BcCyΠ11− Φ11BuCcΠT

12− Φ11(A + BuDcCy)Π11)Π−T
12

where two nonsingular(nx × nx)-matricesΠ12, Φ12 satisfy equation

Π12ΦT
12 = Inx −Π11Φ11
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Theorem 4. Solution to full-order output-feedback controller synthesis problem

η − (e−2a detΨ)1/mw < γ2 (28)
Ψ− ηImw ∗ ∗ ∗

Bw + BuDcDyw −Π11 ∗ ∗
Φ11Bw + BcDyw −Inx −Φ11 ∗
Dzw + DzuDcDyw 0 0 −Ipz

 ≺ 0 (29)


−Π11 ∗ ∗ ∗ ∗ ∗
−Inx −Φ11 ∗ ∗ ∗ ∗

0 0 −ηImw ∗ ∗ ∗
AΠ11 + BuCc A + BuDcCy Bw + BuDcDyw −Π11 ∗ ∗

Ac Φ11A + BcCy Φ11Bw + BcDyw −Inx −Φ11 ∗
CzΠ11 + DzuCc Cz + DzuDcCy Dzw + DzuDcDyw 0 0 −Ipz

 ≺ 0

(30)

η > γ2 Π11 � 0 Φ11 � 0

[
Π11 Inx

Inx Φ11

]
� 0 (31)

Michael Tchaikovsky Anisotropic control design by convex optimization



Background
Bounded Real Lemma for anisotropic norm

Synthesis of anisotropic suboptimal controllers
Multiobjective and robust synthesis problems

Numerical examples

State-feedback control
Fixed-order output-feedback controller
Full-order output-feedback controller
Static output-feedback control

Corollary: Inequalities (28)–(31) are linear in̂γ := γ2. Conditions of Theorem 4
allows minimum of threshold valueγ to be found from solving convex optimization
problem

γ̂ → inf
over η, Ψ,Φ11,Π11,Ac,Bc,Cc,Dc, γ̂ that satisfy (28)–(31)

(32)

If problem (32) is solvable, anisotropicγ-optimal full-order controller is computed
similar to Theorem 4
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Standard LDTI state-space model:

P(z) :

 xk+1

zk

yk

 =

 A Bw Bu

Cz Dzw Dzu

Cy Dyw 0

 xk

wk

uk

 (33)

xk ∈ Rnx, wk ∈ Rmw, uk ∈ Rmu, zk ∈ Rpz, yk ∈ Rpy, A(W) 6 a
Static output-feedback controller:

uk = Kyk (34)

Zero-order Kimura’s condition:nx −mu − py < 0

Problem 3. Synthesis of static output-feedback controller

Givena > 0 andγ > 0, find SOF controller (34) that stabilizes closed-loop system[
A B

C D

]
=
[

A + BuKCy Bw + BuKDyw

Cz + DzuKCy Dzw + DzuKDyw

]
i.e. ρ(A) < 1, and ensures|||Tzw|||a < γ holds true
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Corollary. Solution to general SOF controller synthesis problem

Givena > 0, γ > 0, controller (34) exists, if inequalities

η − (e−2a detΨ)1/mw < γ2 Ψ− ηImw ∗ ∗
Bw + BuKDyw −Π ∗

Dzw + DzuKDyw 0 −Ipz

 ≺ 0


−Φ ∗ ∗ ∗
0 −ηImw ∗ ∗

A + BuKCy Bw + BuKDyw −Π ∗
Cz + DzuKCy Dzw + DzuKDyw 0 −Ipz

 ≺ 0

η > γ2 Ψ � 0 Φ � 0 Π � 0

are solvable w.r.t.η, real(mw ×mw)-matrixΨ, (mu × py)-matrixK and two
reciprocal(nx × nx)-matricesΦ, Π,

ΦΠ = Inx
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Linearizing change of variables [Scherer, 2000] works for a class of plants with
structural property

Pyu(z) := Cy(zI− A)−1Bu = 0 (35)

If plant with property (35) is stabilizable and detectable⇒ there exists a nonsingular
coordinate transformation matrixT s.t. TAT−1 TBw TBu

CzT−1 Dzw Dzu

CyT−1 Dyw 0

 =


A11 A12 Bw1 Bu1

0 A22 Bw2 0
Cz1 Cz2 Dzw Dzu

0 Cy2 Dyw 0


(A11, Bu1) controllable,(A11, Cy2) observable,A22 stable

Closed-loop system realization:

[
A B

C D

]
=

 A11 A12 + Bu1KCy2 Bw1 + Bu1KDyw

0 A22 Bw2

Cz1 Cz2 + DzuKCy2 Dzw + DzuKDyw

 (36)
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Lyapunov matrixΦ is decomposed to blocks according to representation ofA in (36):

Φ =
[

Φ11 Φ12

ΦT
12 Φ22

]
� 0

Linearizing change of variables [Scherer, 2000]

P :=
[

Q S
ST R

]
=
[

Φ−1
11 −Φ−1

11 Φ12

−ΦT
12Φ

−1
11 Φ22− ΦT

12Φ
−1
11 Φ12

]
(37)

Backward transformation [Scherer, 2000][
Φ11 Φ12

ΦT
12 Φ22

]
=
[

Q−1 −Q−1S
−STQ−1 R− STQ−1S

]
Transformation (37) is motivated by factorization

P1Φ = P2

P1 :=
[

Q 0
ST I

]
P2 :=

[
I −S
0 R

]
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Theorem 5. Solution to synthesis problem whenPyu(z) = 0

Let plant (33) satisfy (35). Givena > 0, γ > 0, SOF anisotropic controller (34)
exists if inequalities

η − (e−2a detΨ)1/mw < γ2 (38) Ψ − ηImw ∗ ∗ ∗
Bw1 + Bu1KDyw − SBw2 −Q ∗ ∗

RBw2 0 −R ∗
Dzw + DzuKDyw 0 0 −Ipz

 ≺ 0 (39)


−Q ∗ ∗ ∗ ∗ ∗

0 −R ∗ ∗ ∗ ∗
0 0 −ηImw ∗ ∗ ∗

A11Q A11S− SA22 + A12 + Bu1KCy2 Bw1 + Bu1KDyw− SBw2 −Q ∗ ∗
0 RA22 RBw2 0 −R ∗

Cz1Q Cz1S+ Cz2 + DzuKCy2 Dzw + DzuKDyw 0 0 −Ipz

 ≺ 0 (40)

η > γ2 Ψ � 0 Q� 0 R� 0 (41)

are solvable w.r.t.η, real(mw ×mw)-matrixΨ, controller matrixK and matricesQ,
R, S
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Other two particular plant structure cases leads the SOF controller synthesis problem
to convex optimization problem:singular control and filtering problems[e.g. Lee,
Lee, Kwon, 2006]

Singular control problem:Dzu = 0, rankBu = mu, closed-loop realization:[
A B

C D

]
=
[

A + BuKCy Bw + BuKDyw

Cz Dzw

]
⇒ There exists a nonsingular coordinate transformation matrixTu s.t.

B̄u := TuBu =
[

Imu

0

]
In this basis

Ā := TuAT−1
u B̄w := TuBw C̄z := CzT

−1
u C̄y := CyT

−1
u
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Theorem 6. Solution to singular control problem

Let plant (33) satisfyDzu = 0, rankBu = mu. Givena > 0, γ > 0, SOF anisotropic
controller (34) exists if inequalities

η − (e−2a detΨ)1/mw < γ2 (42)[
Ψ − ηImw B̄T

wS̄T + DT
ywLT DT

zw

S̄̄Bw + LDyw Φ̄ − S̄− S̄T 0
Dzw 0 −Ipz

]
≺ 0 (43)

 −Φ̄ 0 ĀTS̄T + C̄T
y LT C̄T

z

0 −ηImw B̄T
wS̄T + DT

ywLT DT
zw

S̄̄A + LC̄y S̄̄Bw + LDyw Φ̄ − S̄− S̄T 0
C̄z Dzw 0 −Ipz

 ≺ 0 (44)

η > γ2 Ψ � 0 Φ̄ � 0 (45)

are solvable w.r.t.η, (mw ×mw)-matrixΨ, (nx × nx)-matrix Φ̄ and structured matrix

variables̄S :=
[

S̄1 0
0 S̄2

]
, L :=

[
L1

0

]
, at thatK = S̄−1

1 L1
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Singular filtering problem:Dyw = 0, rankCy = py, closed loop realization:[
A B

C D

]
=
[

A + BuKCy Bw

Cz + DzuKCy Dzw

]
There exists a nonsingular coordinate transformation matrixTy s.t.

C̄y := CyT
−1
y =

[
Ipy 0

]
In this basis

Ā := TyAT−1
y B̄w := TyBw B̄u := TyBu C̄z := CzT

−1
y
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Theorem 7. Solution to singular filtering problem

Let plant (33) satisfyDyw = 0, rankCy = py. Givena > 0, γ > 0, SOF anisotropic
controller (34) exists if inequalities

η − (e−2a detΨ)1/mw < γ2 (46)[
Ψ − ηImw B̄T

w DT
zw

B̄w −Π̄ 0
Dzw 0 −Ipz

]
≺ 0 (47)

 Π̄ − R̄− R̄T 0 R̄TĀT + MTB̄T
u R̄TC̄T

z + MTDT
zu

0 −ηImw B̄T
w DT

zw

ĀR̄+ B̄uM B̄w −Π̄ 0
C̄zR̄+ DzuM Dzw 0 −Ipz

 ≺ 0 (48)

η > γ2 Ψ � 0 Π̄ � 0 (49)

are solvable w.r.t.η, (mw ×mw)-matrixΨ, (nx × nx)-matrix Π̄ and structured matrix

variables̄R :=
[

R̄1 0
0 R̄2

]
, M :=

[
M1 0

]
, at thatK = M1R̄−1

1
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Fixed-order controller synthesis problemcan be embedded into SOF controller
synthesis problem for plant with extended state:

 A Bw Bu

Cz Dzw Dzu

Cy Dyw 0

 :=


A 0 Bw 0 Bu

0 0 0 Inξ
0

Cz 0 Dzw 0 Dzu

0 Inξ
0 0 0

Cy 0 Dyw 0 0


Closed-loop realization[

A B

C D

]
=
[
A Bw

Cz Dzw

]
+
[
Bu

Dzu

]
K
[
Cy Dyw

]
=
[
A+ BuKCy Bw + BuKDzw

Cz +DzwKCy Dzw +DzuKDyw

]
K joins the controller parameters:

K :=
[

Ac Bc

Cc Dc

]
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1 Background
Some definitions from information theory
Anisotropy of random vector
Mean anisotropy of random sequence
Anisotropic norm of linear system
Linear matrix inequalities (from lectures of Didier Henrion)

2 Bounded Real Lemma for anisotropic norm
BRL in terms of inequalities
Limiting cases of anisotropic norm asa→ 0, +∞
BRL in synthesis problem

3 Synthesis of anisotropic suboptimal controllers by convex optimization
State-feedback control
Fixed-order output-feedback controller
Full-order output-feedback controller
Static output-feedback control

4 Multiobjective and robust synthesis problems
Multiobjective (multichannel) control
Robust control

5 Numerical examples
Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection
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Numerical examples

Multiobjective (multichannel) control
Robust control

Standard linear plant modelP

Linear controllerK

Groups of external input channelsWj

(commands, disturbances, noises),A(Wj) 6 aj

ControlU

Groups of controlled outputsZj

MeasurementY

P

K

W1

UY
WN

Z1

ZN

Problem 4. Multichannel synthesis problem

Givenaj > 0, γj > 0 find controllerK(z) of ordernξ that stabilizes closed-loop
system and ensures

|||Tzjwj |||ai
< γj j = 1 . . . N (50)

hold true simultaneously, whereTzjwj = LjTzwRj , Lj ,Rj are input/output selection
matrices
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Numerical examples

Multiobjective (multichannel) control
Robust control

Convex optimization problems:

state-feedback controller

full-order output-feedback controller

static output-feedback controller for plants that satisfyPyu(z) = 0

Allow to place closed-loop poles in arbitrary LMI region. Anisotropic norm can be
applied as performance criterion in general setting of multiobjective control [Scherer,
Gahinet, Chilali, 1996], [Scherer, 2000]

Problems of searching for reciprocal matrices that satisfy convex constraints:

fixed-order output-feedback controller

static output-feedback controller (general case)

Allow to place closed-loop poles in circle of given radius
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Multiobjective (multichannel) control
Robust control

Standard linear plant modelP

Linear controllerK

External inputW: A(W) 6 a

ControlU

Controlled outputZ

MeasurementY

Uncertainty∆k ∈ 4 : ∆T
k∆k 6 γ2

∆I

W∆ = ∆kZ∆

P

K
UY

W∆Z∆

Z W

∆

Problem 5. Synthesis of controller for system with uncertainty

Givena > 0, γ∆, γ > 0 find controllerK(z) of ordernξ that stabilizes closed-loop
system and ensures

|||Tzw|||a < γ (51)

holds true for all admissible uncertainties∆k ∈ 4 : ∆T
k∆k 6 γ2

∆I
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Consider auxiliary system
where uncertainty inputW∆ and outputZ∆

are related by

E|w∆k|2 6 γ2
∆E|z∆k|2 ∀k

with extended controlled output

Z̃ =
[

Z∆

Z

]
P

K

UY

W∆Z∆
Z W

Problem 6. Auxiliary synthesis problem

Givena > 0, γ∆, γ > 0 find controllerK(z) of ordernξ that stabilizes closed-loop
system and ensures

|||T̃zw|||a < γ (52)

‖T̃zw∆‖∞ < γ−1
∆ (53)

hold simultaneously
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Multiobjective (multichannel) control
Robust control

Theorem 8. Connection between auxiliary and main problems

Let controllerK solve auxiliary Problem 6, i.e. inequalities (52), (53) hold true for
closed-loop systemFl(P̃, K). Then inquality (51) holds true for closed-loop system
Fl(P∆, K) with the same controllerK for all ∆ ∈ 4, i.e. controllerK also solves
main Problem 5. Converse is generally incorrect.

Convex optimizatation problems:

state-feedback controller,

full-order output-feedback controller

Allow to place closed-loop poles in arbitrary LMI region robustly

Problems of searching for reciprocal matrices that satisfy convex constraints:

fixed-order output-feedback controller

static output-feedback controller (general case)
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Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection

1 Background
Some definitions from information theory
Anisotropy of random vector
Mean anisotropy of random sequence
Anisotropic norm of linear system
Linear matrix inequalities (from lectures of Didier Henrion)

2 Bounded Real Lemma for anisotropic norm
BRL in terms of inequalities
Limiting cases of anisotropic norm asa→ 0, +∞
BRL in synthesis problem

3 Synthesis of anisotropic suboptimal controllers by convex optimization
State-feedback control
Fixed-order output-feedback controller
Full-order output-feedback controller
Static output-feedback control

4 Multiobjective and robust synthesis problems
Multiobjective (multichannel) control
Robust control

5 Numerical examples
Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection
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Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection

h V

w

Desirableglidepath

Controlled variables:
– altitudeh
– airspeedV

Control:
– engine thrust
– elevators

Disturbance:W

mV̇ = T cosα− D−mgsinθ −m(ẇx cosθ + ẇy sinθ)
mVθ̇ = T sinα + L−mgcosθ + m(ẇx sinθ − ẇy cosθ)
Jzω̇z = Mz

ϑ̇ = ωz

ḣ = V sinθ + wy

Ṫ = 1
Te

(−T + Keδt)
δe = Kωzωz + Kϑϑ + Kcyϑcy, α = ϑ− θ

Control objective

Minimize influence of disturbance on deviation of altitude and airspeed
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Discrete-time linearized model (standard plant):

P(z) :

 xk+1

zk

yk

 =

 A Bw Bu

Cz Dzw Dzu

Cy Dyw 0

 xk

wk

uk


xk = [ ∆Vk, ∆θk, ∆ωz,k, ∆ϑk, ∆hk, ∆Tk ]T

wk = [ wy,k, ẇx,k, ẇy,k, ny1,k, ny2,k ]T, A(W) 6 a
uk = [ ∆θcy,k, ∆δt,k ]T

zk = [ ∆Vk, ∆hk, ∆ϑcy,k, ∆δt,k ]T

yk = [ ∆Vk + ny1,k, ∆hk + ny2,k ]T

Problem statement

Givena > 0 andγ > 0, find (generally dynamic) output-feedback controller (15) to
stabilize closed-loop system (ρ(A) < 1) and ensure|||Tzw|||a < γ holds true
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Full-order output-feedback controllers
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Full-order output-feedback controllers
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Full-order output-feedback controllers with pole placement
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Fixed-order output-feedback controllers with pole placement in circle
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Static output feedback controllers with pole placement in circle
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Full-order output-feedback controllers
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Full-order output-feedback controllers with pole placement
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Full-order output-feedback controllers
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Full-order output-feedback controllers with pole placement
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Closed loop with full-order controller Closed loop with pole placing
full-order controller

Controller
K2 Ka K∞

Solution results:
γ? 0.516 5.4203 10.894

‖Tzw‖2 0.516 1.1473 3.1448
|||Tzw|||0.7 7.8391 5.1768 5.5944
‖Tzw‖∞ 15.855 10.93 10.891

Simulation results:
max|∆V|, m/s 11.3 3.559 4.329
max|∆h|, m 54.79 46.87 39.79

max|∆θ|, grad 14.86 16.04 31.6
max|∆ωz|, grad/s 4.884 5.043 10.56
max|∆ϑ|, grad 19.06 19 38.08
max|∆T|, kN 7.263 22.58 42.48

max|∆ϑcy|, grad 20.7 20.8 21.91
max|∆δt|, grad 8.224 29.25 29.23

Controller
K2 Ka K∞

2.4714 1.6461 23.17
2.4058 3.4063 12.598
1.1489 1.5681 5.6791
22.9 21.655 23.112

3.427 2.716 2.872
36.4 30.34 32.8
16.02 16.25 16.07
5.825 6.205 5.863
19.54 19.72 19.39
26.17 27.42 26.53
22.01 23.22 25.44
35.25 38.65 54.01
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Monoaxial powered gyrostabilizer

1 gyroscope

2 sensor of angleβ of SE GU precession axis

3 gyrostabilized platform

4 object of stabilization

5 force stabilization motor of GSP

6 stabilization loop amplifier

7 sensor of moments

8 sensor of angleα of GSP stabilization axis

9 gyro unit

Control objective

Track input commandsαc defining angular positionα of gyrostabilized platform
stabilization axis and simultaneously stabilize to zero angular positionβ of sensor
element of gyro unit under unknown external disturbing torques and weakly
correlated noises of measurements of angular velocities
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Model of monoaxial gyrostabilizer considers effect of oscillations of rotor of
synchronous hysteresis-reluctance motor (SHM) to angle errors

α̇(t) = ωα(t)
ω̇α(t) = −Kgα

Jα
ωα(t)− H(t)

Jα
ωβ(t) + 1

Jα
Mw

α(t)− 1
Jα

Mu
α(t)

β̇(t) = ωβ(t)
ω̇β(t) = H(t)

Jβ
ωα(t)− Kgβ

Jβ
ωβ(t) + 1

Jβ
Mw

β(t)− 1
Jβ

Mu
β(t)

α(t), β(t) : angular positions of GSP stabilization axis and SE GU precession
axis
ωα(t), ωβ(t) : angular velocities of GSP and SE GU
H(t) = H0 + ∆H0 sin(2πft) : variable kinetic moment of GU

H0 : nominal kinetic moment of GU
∆H0 : amplitude of harmonic change of KM GU
f : oscillation frequency of rotor of SHM

Jα, Jβ : moments of inertia of GSP and SE GU
Kgα, Kgβ : coefficients of viscous friction
Mw

α(t), Mw
β(t) : generalized external disturbing torques

Mu
α(t), Mu

β(t) : control actions of GSP and GU force stabilization motors
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To solve angular position control problem, equation system is expanded and put into
standard form

P̃(z) :


xk+1

z∆k

zk

yk

 =


A B∆ Bw Bu

C∆ 0 D∆w D∆u

Cz 0 Dzw Dzu

Cy 0 Dyw 0




xk

w∆k

wk

uk

 z∆k = ∆w∆k

xk = [
∫

(αc − α) α ωα

∫
β β ωβ Mu

α Mu
β ]T

w1k = [ αc Mw
α Mw

β ]T w2k = [ nα nβ ]T uk = [ uα uβ ]T

zk = [
∫

(αc − α)
∫

β uα uβ ]T

yk = [
∫

(αc − α) α ωα + nα

∫
β β ωβ + nβ ]T

Multiobjective robust controller synthesis problem

Givena1 > 0, a2 > 0, γ1 > 0, γ2 > 0, γ∆ > 0, find dynamic output-ffedback
controller such thatρ(A) < 1 and

|||Tzw1|||a1
< γ1 |||Tzw2|||a2

< γ2 ∀∆: σ(∆) 6 γ−1
∆
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Landing aircraft in wind shear conditions
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Stabilization of GSP under disturbances
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Landing aircraft in wind shear conditions
Control of monoaxial powered gyrostabilizer
Models from COMPleib collection

Stabilization of GSP under disturbances:
closed loop with different controllers

Controller
K Ka1/a2 K∞/2

Solution results:
γ?

a1
(γ?
∞) — 0.12727 0.057519

γ?
a2

(γ?
2 ) — 0.19681 0.29955

γ∆ — 60 60
|||Tzw1|||1.45 0.92164 0.061381 0.083662
|||Tzw2|||0.05 0.1768 0.020269 0.019157
‖Tzw1‖∞ 3.4078· 10−5 4.0384· 10−5 4.6281· 10−5

‖Tzw2‖2 0.11792 0.0080756 0.0040558
Simulation results:

max|β|, ” 99.33 69.65 81.99
max|ωα|, ”/s 2889 2272 2627
max|ωβ |, ”/s 5370 4463 5172

max|Mu
α|, g·cm 3942 1431 1545

max|uα|, A 0.54 0.03496 0.01655
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Tracking GSP angular position
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Tested models fromCOMPleib collection [Leibfritz, 2004]:

aircrafts: transport, supersonic, VTOL

helicopters: transport, military

jet engines

stabilization of optical system

cruise missile (“terrain-following model”), “air-to-air” missile

Euler-Bernoulli beam (order 10. . . 80)

distillation binary tower

electric power system

jet pack

submersible vehicle
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Conclusion

Results:
1 Bounded Real Lemma for anisotropic norm in terms of inequalities
2 Synthesis of fixed-order anisotropic suboptimal controllers in form of dynamic

output-feedback compensators via semidefinite programming and numerical
optimization

3 Synthesis of static output-feedback anisotropic suboptimal controllers
4 Synthesis of anisotropicγ-optimal controllers via convex optimization
5 Solution to multiobjective problems of anisotropic control
6 Synthesis of anisotropic suboptimal controllers that ensure closed-loop pole

placement in given LMI region of complex plain
7 Synthesis of robust anisotropic controllers for models with uncertain parameters
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