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Introduction

e Standard linear plant model

@ Linear controlleK 7 «— p «— W
e External disturbance/ Y U

e ControlU [ ]

e Controlled outpuZ K

e MeasuremenY

Controller synthesis problem

Find controllerK to stabilize closed-loop system and minimize some performandg
criterion

o LQG (H>) problem,W is Gaussian white noise: E|z|? — mingcx
© Ho Optimization problemyV € ¢, : ITowlloe — Minkex

or (suboptimal problem) Tanlloo < ¥
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Introduction

‘Ho norm: "
IFll2:= (2:;_/_ tr(ﬁ(w)ﬁ*(w))dw)

Hoo NOrm:

IFlloc := SUR1 7(F (2)) = ess supeq 7(F(w))

I/:\(w) = F(eiw) w€ Q= [—7, 7 a(F):= \/WF*F)

Similarity

o Riccati equations
e 7 — +00, Hs Riccati equations» H; (LQG)

.

Difference

o H, : maximum of gain-frequency responsemin
e H, : average amplitude over all frequencesmin

V.
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Introduction

Disturbance assumptions
e H,(LQG) : Gaussian white noise
@ H : square integrable (summable) signal

If disturbance signal assumption violates

o H,(LQG): closed-loop system camt perform wellif disturbance is far from”
Gaussian white noise

e H. : control can bevery conservativéf input signal is ‘tlose enoughto
Gaussian white noise
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Introduction

Trade-offs betweenH, and H., problems

@ suboptimalH, controller is not unique
= additional performance criterion can be considered

e natural choiceH, norm of closed-loop transfer function

[Bernstein, Haddad, 1989] [Mustafa, Glover, 1991]
[Tawlloo < I Tawll oo <
[ Tzw||2 — min sup|| Taull2 — min
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problem
Introduction Preconditior ) and H ~c design
Connecting H » H oo control

Suboptimal H, co ler minimizing H., entropy functional
[Mustafa & Glover, 1991]

[Flloo <y

2 F L
J(v,F) = —;—W / In det(lm — W_ZF*(w)F(w)> dw — min

Some features
° J(v.F) > FI3
e H, entropy minimization is equivalent to risk sensitivity problem
e resulting €entra) controller is unique

|
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Background

pic norm of line
atrix inequaliti n dier Henrion)

o Background
@ Some definitions from information theory
@ Anisotropy of random vector
@ Mean anisotropy of random sequence
@ Anisotropic norm of linear system
@ Linear matrix inequalities (from lectures of Didier Henrion)
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Background
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Background

idier Henrion)

Relative entropy (Kullback-Leibler informational divergence)
[Cover & Thomas, 1991], [Gray, 1991]

dP .
D(PM) — { Eln g 1P <M
+00 otherwise

o P, M : probability measures on measurable spazeg)
e E : taken ovelP
e dP/dM: 2 — R, is the Radon-Nikodym derivative

Recall [Gray, 1991]

Q=R"™ P,M < mes,with PDFs f, g

(X)In mdx

D(PM) = i

f
RmM
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Background

of Didier Henrion)

e X : random vector
o f : PDF

Mutual information [Gray, 1991]

IMNﬁiélmﬁwmmfﬁdey
™ x

1(9)f2(y)
e X, Y :random vectors

e f1, f, : marginal PDFs

o fi5: joint PDF
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Background from information th

dom vector

didier Henrion)

Gaussian PDF with zero mean and covariance matrixl,:
—m/2 ‘W|2 m
Pm (W) 1= (27A) exp oy weR

For anyW e LY with PDF f: R™ — R,

f(W) m E[W[2
D(f =EIn——— = —In(2x)\) +
(Hlpma) = Eln o= = 5 n(2e)

Anisotropy of random vector [Vladimirov et al., 2006]

2re

AW) = gDt ) = 5 in (e EWE) ~hw

e minimum is achieved aX = E|W|?/m
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Background

idier Henrion)

G™(u, X) : class of Gaussian vectovg € R™ with PDF

1
p(w) i= (25)™2(det) H2exp~Glw— ulBr) [l i VT

Anisotropy: Basic properties [Vladimirov et al., 2006]

@ A(cUW) = A(W) for any orthogonal € R™ ™M ando € R \ {0}
@ for any(m x m)-matrix¥ >~ 0

>’
min {A(W) : W e L}, EWW) = $} = —2 In dettm—E
minimum is only achieved aV € G™(0, X)

@ A(W) > 0foranyW e LY, andA(W) = 0if and only if W € G™(0, Al,) for
some\ > 0
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Background 1 information theory

didier Henrion)

Discrete-time random sign8lV := (W) — s <k<+oo : Stationary sequence of random
vectorswy € LY
On time intervals, t] :

Ws

WS:t =
Wi

Assumption:Wp.y is distributed absolutely continuousiN > 0

Mean anisotropy of random sequence [Vladimirov et. al, 2006]
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Background

Mean anisotropy and mutual information [Vladimirov et al., 2006]

A(W) = A(Wo) + I (Wo; (Wk)k<0)

where
I (Wo; (Wik<o) := _lim 1(wo; We.—1)

For Gaussian random sequewe
1 a \—1
| (Wo; (Wi k<o) = > In det(cov(wo) cov(Wo) )

where
\TVO = Wp — E(Wo | (Wk)k<0)
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Background

LetV := (V) —co<k<+oos Vk € G™(0, Im). SupposaV = GV :
+oo .
W= Gk —oo<j< oo
Spectral density of W:  Sw) := G(w)G*(w) —7T<w<T

Gw) =6(e*) 6@ =3 gz ecny

In terms of Sand G [Vladimirov et al., 1996]

= 1 [ mSw)
AW)=—— In det dw
4 ) r IGII3

Basic properties of mean anisotropy:
@ 0< A(W) < +0o if rankG(w) = mfor almost allw € [—m, )
@ A(W) = +oo otherwise
@ A(W) = 0if and only if G is an all-pass system up to a nonzero constant facts
in which case
Sw)=ANn —-7<w<nTw
for someX > 0, so thaWW € G™(0, Alyy)
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Background
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Background

F € HPX™M: LDTI system with inpuW = GV, V € G™(0, Al ), and outpuZ = FW
Denote

Ga:= {GeHI™ AG)<a}  Wu={Wel:AW) <a}

1 N 1/2 1 1/2
Wp = | i Ewd?| =(=—
Wi <N5noo TR |Wk|> (3 [ wswia)

Anisotropic norm of LDTI system [Vladimirov et al., 1996]
IFGll2 _ 1Z]l»

IFl, := sup = sup
8" Geg. G2 wews WP

e Important properties of anisotropic norm:

1 :
ﬁl\Fllz = IFllo < fim {IFlly = [IFloc 1)

IFll, < 400 = systenF is stable
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Background

idier Henrion)

How to calculate the anisotropic norm in state space? [Vladimirov et al., 1996]

cergm: ] [8 G[] seckeie

IFll, = (; (1_ m%))l/z

R = ATRA+qCTC+LZ 1L
L := X(B'"RA+gD'C)
¥ := (In—B'"RB—qgD'D)?!

P=(A+BL)PA+BL)" 4+ BB"

a= _} Indet miz
2 tr(LPLT + X0)
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Background

Most general form of linear matrix inequality:

n
FO)=Fo+)  xFi»0

e F; = F are given

@ X are decision variables

e = 0 stands for positive semidefinite (nonnegative eigenvalues)
e actually affine matrix constraint

o convexfeasible se{x € R": F(x) = 0}

e strict versionF(x) > 0 means strictly positive eigenvalues

Traditional form of LMIs in control theory (e.g. Lyapunov inequality):

P =P~ 0: ATP+PA<0

)

system x(t) = Ax(t) is stable (all trajectories converge to zero)
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Background

Most important instruments:

Schur theorem (complement)

AX) B(x) 0 A(X) — B(X)C(x)"1B(x)" = 0
[ BT C(¥) } 7P s
C(x) >0 C(x) >0

Elimination (projection) lemma

W (X)A(X)Ws(X) = O
A(X) + BX)XC(X)T + CX)X'B"(x) =0 <
W (X)A(X)We(X) = 0
o W, W¢ are orthogonal complements BfC
e X independent of matriX

.
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Bounded Real Lemma for anisotropic BRL in
Limiting cases

BRL in

Bounded Real Lemma for anisotropic norm

@ BRL in terms of inequalities
@ Limiting cases of anisotropic norm as— 0, 4+co

@ BRL in synthesis problem

design by convex optimization
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Bounded Real Lemma for anisotropic norm BRL in tel

otropic norm asa — 0, + o
olem

Standard linear plant modEgl
Linear controlleiK 7 <—| « W

External disturbance/ Y [ ] U
K

ControlU
Controlled outpuZ
MeasuremenY

Suboptimal synthesis problem

Givena > 0, v > 0, find a controlleiK that stabilizesF (P, K) s.

ITawlla < ()

Analysis problem

Givena > 0, v > 0, verify if (2) holds true
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Theorem 1

Givena > 0, v > 0,
IFlla <~
if and only if there exists) > 42 such that
n— (€72 det(nly — BT®B — D'D))Y/™ < 42

holds true for a reain x n)-matrix® = &' ~ 0,

ATOA - D +CTC ATOB + CTD

BTGA+DTC  BTOB+ DD —gly, | <O

(4)

(5)

Corollary: computing anisotropic norrenotey := 2
v —inf over 75, ®,7 thatsatisfy (4), (5)

IFlla = v/
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Bounded Real Lemma for anisotropic norm

o —def(¥)YM ¥ ¢ Rmx”‘ ¥ = U = 0 — convex function
o det(¥)YM= /A (¥) ...  Am(¥) — geometric mean of eigenvalues
e Geometric mean of two nonnegative

variables:the set

X:
{|: Xi :| ERsi X1, X2 = O,\/XJ_XZ > 0}
t

05

is representable as a second-order cone
(SOC) [Ben-Tal, Nemirovskii, 2000]:
X1+ X2

u
X1 ;Xz X 2

e Geometric mean ofnonnegative variableshe set

dJu:u>t,

X1

ER* L% >0, 2% ... Xx >0

Xok
t

is also SOC-representable (iteratively)
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Bounded Real Lemma for anisotropic norm BRL in terms of inequalities
pic

Limiting case: pic
BRL in synthe slem

e SOC is LMI-representable [Lobo, Vandenberghe, Boyd, Lebret, 1997]

e Example: the Lorentz cone

LHH eR“+1;||x<t}

can be represented as

_ X net, |t X 05\;\ //"’w
L= {[ t ] e R [ x t |70 W T

o {U =TT~ 0: —defV)™< t} can be represented by

{\p:qﬁ>o; { X A }>O, t<(61~...-5m)1/m}

AT diagA
whereA is a lower triangular matrix of additional variables with diagonal
elementsy; t < (61 - ... - dm)Y/™ (hypograph of a concave monomial) is conic

representable [Ben-Tal, Nemirovskii, 2000]
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Bounded Real Lemma for anisotropic norm BRL in terms of inequaliti

Limiting c
BRL in sy

Numerical solutioninterface YALMIP [Lofberg, 2004], functiomgeomean, solver
SeDuMi [Sturm, 1999] in Matlab or Scilab

SeDuMi = Self-Dual-Minimizationimplements self-dual embedding technique for
optimization over self-dual homogeneous cones

e Y.Ye, M.J. Todd, and S. Mizuno. A@(,/nL)-iteration homogeneous and
self-dual linear programming algorithmMathematics of Operations Research
19:53-67, 1994.

@ Y. Nesterov and M.J. Todd. Self-scaled barriers and interior-point methods fi
convex programming Mathematics of Operations Resear@2(1):1-42, 1997.

e J.F. Sturm. Primal-Dual Interior Point Approach to Semidefinite Programmin
volume 156 ofTinbergen Institute Research Seri@hesis Publishers,
Amsterdam, The Netherlands, 1997.
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Bounded Real Lemma for anisotropic norm

n— (e"2det(nly — BTOB — DTD))Y/M < A2

AT®A - D +CTC ATOB +C™D

BTOA+DTC  BTOB 4+ D™D — gl | O

—0:li = L — 4o0: lim ||F|, = [|F|lco
a— 0: lim [IF|l, = Z5IIF|.2 a— +oo: lim |[F[l, = [F,

T&H T T&H T
A= EIE S BTOA  BTEB—l, DT | <0
tr(B'®B + D'D) < my? ¢ D —7lp
(; (3
[Fll2 < v/mry ) [Flloo <y )
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Bounded Real Lemma for anisotropic norm

Theorem 2 (BRL in reciprocal matrices)

GivenF € HPX™ with realization (3)a > 0, v > 0,

IFlla <~

if there exists) > 2 such that
n— (6722 detW)/™m < 42 (6)

holds true for rea{m x m)-matrix ¥ = ¥T = 0 and(n x n)-matrix® = ®T > 0 that
satisfy

_ T T
B -1 0 <0

D 0

0
A & ot o |0 O
7|p e

Michael Tchaikovsky
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Bounded Real Lemma for anisotropic norm BRL in terms of inequ
Limiting c ani norm asa — 0, + o

BRL in synthesis problem

LetIl:= &1
IFlla <~
i)

findn > 2, matrix U = 0 and reciprocal matriceB = 0,II = 0, ®II = I, that
satisfy LMI (7) under constraint (6) or determine insolvability

Examples of algorithms for searching reciprocal matrices:

© Apkarian P. and Tuan H.D. Concave programming in control theory // J. of
Glob. Opt., 1999, Vol. 15, p. 343-370.

@ Balandin D.V. and Kogan M.M. Synthesis of controller on the base of a solut
of linear matrix inequalities and a search algorithm for reciprocal matrices //
Automation and Remote Contr., 2005, Vol. 66, No. 1, p. 74-91.

© Polyak B.T. and Gryazina E.N. Hit-and-Run: Randomized technique for cont
problems recasted as concave programming // Proc. 18th IFAC World Congl
Milano, Italy, 2011.
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Bounded Real Lemma for anisotropic norm

BRL in synthesis problem

Algorithm on the base of conditional gradient method for concave function
[Apkarian & Tuan, 1999]:

© k= 0. Choose initial value$ly > 0, &g > 0, which satisfy (7) for som&, n
@ Solve local convex program:

tr (IT + @, '@®, 1) — min
. m | (8)
over U & II,n thatsatisfy (7) and | =0

@ If (8) is solvable and unknown variables are found, verify stop conditions
[tr(IT+ & 100 Y < e ky <Kk 9)

€ — given accuracyky — given maximum number of iterations. One of
conditions (9) holds, algorithm stops

Q@ k:i=k+1;, 9 :=d;gotostep 2
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te-feedback control

trol
Synthesis of anisotropic suboptimal controllers iz

e Synthesis of anisotropic suboptimal controllers by convex optimization
@ State-feedback control
@ Fixed-order output-feedback controller
@ Full-order output-feedback controller
@ Static output-feedback control
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Synthesis of anisotropic suboptimal controllers

Standard LDTI state-space model:

Xk+1 A By By Xk
P(2) : Z = | C; Dz Dy Wk
Yk In, O 0 Uk

Yk = % € R™, 7 € RP:, wy, € R™ u € R™ A(W) < a

Problem 1. Synthesis of state-feedback anisotropic controller

Givena > 0 ~ > 0, find a state-feedback controller
Ux = KX
that stabilizes closed-loop systélm,(z) with realization

A|B]_[ A+BK | Bw
€D |~ | C,+ DK | Dy

i.e. ensurep(A + ByK) < 1, such thaf| T, < v
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Synthesis of anisotropic suboptimal controllers

Theorem 3. Solution to state-feedback controller synthesis problem

Givena > 0 andy > 0, anisotropic controllet, = Kx, that ensures
p(A+ BK) < 1and| Tl , < v exists, if inequalities

n— (e 22 detd)V/™ < 42 (10)
U —nlny, BvTv D;—W
Bu -I 0 | =<0 (11)
DZW 0 _lpz
—1I 0 TAT4+ATB! TICT + ATD],
0 —Nlm, B\T\/ D;—W
Al +B,A B, 10 0 =0 @2
CJAl+DyA  Dgy 0 —lp,
n>~> U=0 I>0 (13)

are solvable w.r.t, real(m,, x my)-matrix ¥, (n, x ny)-matrix IT and
(my x ny)-matrix A. If problem (10)—(13) is solvable and unknown variables are
found, therk = AIT-1
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State-feedback control
i der ouf

Synthesis of anisotropic suboptimal controllers

Corollary: Inequalities (10)—(13) are convexin affine inII andA, and also linear
in 2. Minimizing v2 under convex constraints (10)—(13), we minimizéDenote

7 := 2. Conditions of Theorem 3 allows minimizeby solving convex
optimization problem

§—>Inf

over 7, ¥ II,A,7 that satisfy (10)—(13) (14)

If problem (14) is solvable, state-feedback anisotropic controller is computed sim
to Theorem 3K = AIT1

Anisotropic~y-optimal controller

Anisotropic controllers computed by solving convex optimization problems simila
to (14) are callecnisotropicy-optimal controllers
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Synthesis of anisotropic suboptimal controllers

Standard LDTI state-space model:

Xk+1 A Bw By Xk
P(2) : Z = | C; Dy Dy Wk
Yk C Dw O Uk

X € R™ w € R™ u € R™ 7z € Ry, € RY, A(W) < a
Dynamic output-feedback controller with statec R":

o [$]-[2 85 e

Kimura’s condition of orden; :

Ne > Ny —m, — py

Problem 2. Synthesis of fixed-order output-feedback controller

Givena > 0 v > 0, find output-feedback controller (15) of fixed-oragrthat
stabilizes closed-loop system(¢4) < 1) and ensurefT,u||, < v
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Synthesis of anisotropic suboptimal controllers

Apply conditions (6), (7) of Theorem 2 to closed-loop realization

AlB A+B,D:.Cy, B.C: | By+ BuDcDyw
{4‘7@ 5 ] = B:Cy Ac BcDyw (16)
C;+ DaDcCy DaCc | Dzw+ DzyDcDyw

Corollary. Solution to fixed-order controller synthesis problem

Givena > 0 andy > 0, controllerK(z) of fixed-ordem, that stabilizes closed-loop
system f(A) < 1) and ensurefT,|, < 7 exists, if inequalities (18)—(21) are
solvable w.r.tx, real(m, x my)-matrix ¥, controller realization matrices
Ac € RexNe B, € R"%*Py, C. € R™*"e D, € R™*P and two reciprocal
(n x n)-matrices®, II,

I = I, (17)

wheren = ny + ng

Michael Tchaikovsky Anisotropic control design by convex optimization



n— (6722 detW)/™ < 42 (18)

U —nly, * * *
BW + BchDyW _Hll * *
BcDyw 1, -, o« | O (19)
Dow+ DzDcDyw O 0 Iy,
—Pq1 * * * * *
-l — Py * * * *
0 0 —Nlm, * * *
<0 (20
A+B.DC, BC. By+BDDy -l + (20)
B.C, A BcDyw 1, —Ip =«
C,+ DzchCy D,Cc Dow+ DzchDyw 0 0 —lpz
d P II II
2 11 P2 11 1o
\\ 0 o = =0 I .= =0
> w0 e[ GE 02 [
(21)
QII = I,
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Synthesis of anisotropic suboptimal controllers

From block partitioning in (21) and condition (17) it follows that

@{H“]—{'W} Ol =d; [P, =11,

], 0
ey P11 | Iy,
A 22
It can be verified by direct calculation:
I ®I; = ®110; = BITP; = 1] &g = i I, (23)
ln, Pn1

Linearizing change of variables [Gahinet, 1996]
Ac = DA, + P15BcCylliy + 11BuCell], + ®11(A + BuDcCy)Il11 (24)
Bc = P1oBc + P11BDc (25)
Ce := C.IIj, + DCyllyy (26)
De = D¢ (27),
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Synthesis of anisotropic suboptimal controllers orderoutpu

Theorem 4. Solution to full-order output-feedback controller synthesis problem

Givena > 0 andy > 0, dynamic output-feedback controllgrof full orderng = ny
such thap(A) < 1 and|| T, < v exists, if inequalities (28)—(31) are solvable w.r.
n, real(m, x my)-matrix ¥, matricesA, € R™*™ B, € R**P, G, € RM*MN

D € R™*P and two(nk x ny)-matricesll;y, ®11. If problem (28)—(31) is solvable
and unknown variables are found, then controller realization mattigesR™* "™,

B. € R™*P, C. € R™*™ D. € R™*P are uniquely defined by

D, = D¢

Cc = (€ — DcCyllan)yy

Be = ®5;(Bc— ®11ByDc)

Ac = D5 (Ac— P1oBCyIlyy — $13ByCelIT, — P13(A + BuDCCy) Iy )IT,

where two nonsingulamy x ny)-matriceslI;, ®;, satisfy equation

M@, = In, — M11®P1q
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Synthesis of anisotropic suboptimal controllers Fixed-order output-fee

Full-order output-feed

n— (6722 detw)Y/™ < 2 (28)
U —nln, * *
Bw + Bu'Dchw —1IIy3 *
<0 29
1By + By I, —Oy (29)
Dow + Dzu‘DchW 0 0 —lp,
—1II11 * * * * *
—Iny P11 * * * *
0 0 —7lm, * * * -0
All11 + ByCc A+ BchCy Bw + BUDCDW —1II11 B3 &3
Ac P11A+ BcCy D11Buw+ BDyw  —lny,  —P11 *
C Iy + DaCe  Co + DzchCy Dzw + DzchDyw 0 0 —|pZ
(30)
1I |
n>7" Tiu>0 &3>0 [Ill n‘}»O (31)
n Pu

Michael Tchaikovsky Anisotropic control design by convex optimization



State-feedback control

Synthesis of anisotropic suboptimal controllers t-feedback controller

‘eedback controller
Static output-feedback control

Corollary: Inequalities (28)—(31) are linear fn:= ~2. Conditions of Theorem 4
allows minimum of threshold valugto be found from solving convex optimization
problem

v — inf (32)
over 7,V ®1q,11;1;, Ac, Be, Cc, De, 7 that satisfy (28)—(31)
If problem (32) is solvable, anisotropicoptimal full-order controller is computed
similar to Theorem 4
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Synthesis of anisotropic suboptimal controllers

Static output-feedback control

Standard LDTI state-space model:

Xk4-1 A B, By
P(2) : % = 1| C D Dzu Wik (33)
Yk Cy Dyw
X € R™ wy € R™ u, € R™ 7 € Ry, € R A(W) < a

Static output-feedback controller:
= Kyk (34)

Zero-order Kimura’s conditionn, —my, —py <0

Problem 3. Synthesis of static output-feedback controller

Givena > 0 andy > 0O, find SOF controller (34) that stabilizes closed-loop syste

{A | B ] [ A+BiKCy | By +ByKDyw
C; + DaKCy | Dzw+ DzKDyw

i.e. p(A) < 1, and ensurefT,y||, < v holds true
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controller
Fu ontroller
Static output-feedback control

Synthesis of anisotropic suboptimal controllers

Corollary. Solution to general SOF controller synthesis problem

Givena > 0,~ > 0, controller (34) exists, if inequalities
n— (e detl)Y M < ~2

W —nln, * *
By +BKDyw —II <0
Dyw+ Dz KDyw 0 —Ip,

—P * * *
0 —nlm, * *
A+ BKCy By + BuKDyy —1II
C,+DuKCy Dzy+DnuKDyw 0 —Ip,

n>v* =0 &~0 II~0

<0

are solvable w.r.ty, real (my x my)-matrix ¥, (m, x py)-matrixK and two
reciprocal(nk x ny)-matrices®, II,

(pH = Inx
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Synthesis of anisotropic suboptimal controllers

Static output-feedback control

Linearizing change of variables [Scherer, 2000] works for a class of plants with
structural property
Pyu(z) := Cy(zl - A)"'B, =0 (35)

If plant with property (35) is stabilizable and detectabiethere exists a nonsingular
coordinate transformation matrixs.t.

TAT-! | TB, TB, Agl ﬁz 3 Bgl

CzTil DZW Dzu = C C D 2 D

Cnyl D 0 71 y4) A Zu
yw 0 C,|Dw O

(Aq1, By,) controllable,(Aq1, Cy,) observablefy; stable

Closed-loop system realization:

BW1 + BUlKDyW

=1 0 Ao

, (36)
Cy Cp+ DzuKCyz ‘ Dzw + DzuKDyw

|: .A B :| All A12+ BU1KCy2
c

Michael Tchaikovsky Anisotropic control design by convex optimization



Synthesis of anisotropic suboptimal controllers

Static output-feedback control

Lyapunov matrix® is decomposed to blocks according to representatiohiof(36):

Oy Py
P = =0
[ ‘I’Iz P22 ]

Linearizing change of variables [Scherer, 2000]

P .= [ Q S] — { LTy — &' P, ] (37)

S R —OLd Dy — DO D,

Backward transformation [Scherer, 2000]

®11 P Q! -Q!s
oL, Do _SQ! R-SQ!S

|

\.

Transformation (37) is motivated by factorization
P1® =P,

-3 5] me[4 3]
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controller
Fu ontroller
Static output-feedback control

Synthesis of anisotropic suboptimal controllers

Theorem 5. Solution to synthesis problem wign(z) = 0

Let plant (33) satisfy (35). Givea > 0, > 0, SOF anisotropic controller (34)
exists if inequalities
n— (e detd)Y/™ < 42 (38)
U — nlm, * * *
Bw, + B,KDw—SB, —-Q % =«
RE,, 0 _R <0 (39)
Dzw + DzKDyw 0 0 —lpy
—-Q * * * * *
0 —R * * * *
0 0 —7lmy * * * <0 (40)
AuQ  AuS— SAr+ A+ By KCy, By +By KDy —SBy, —Q *
0 RAy, RBy, 0 -R =
Cle Czls+ sz a4 DzuKCyz Dzw a4 DZuKDyw 0 0 *lpz
n>~* >0 Q>0 R>0 (41)
are solvable w.r.ty, real(my x my)-matrix ¥, controller matrixk and matrices),
R S

Michael Tchaikovsky Anisotropic control design by convex optimization



State-feedback control

Synthesis of anisotropic suboptimal controllers »

tpL
Static output-feedback control

Other two particular plant structure cases leads the SOF controller synthesis prol
to convex optimization problensingular control and filtering problenfs.g. Lee,
Lee, Kwon, 2006]

Singular control problemD,, = 0, rankB, = m,, closed-loop realization:

[AB]_{A+BUKC),E\N+BUKDW,}
clD | C. | D

= There exists a nonsingular coordinate transformation ma&rixt.

- |
&:n&:{g]

In this basis

A=TAT;? By:=TB, C,:=CT;t! C =T,

Michael Tchaikovsky Anisotropic control design by convex optimization



Synthesis of anisotropic suboptimal controllers

Theorem 6. Solution to singular control problem

Let plant (33) satisfi{D,, = 0, rankB, = m,. Givena > 0,y > 0, SOF anisotropic
controller (34) exists if inequalities

n— (e 2detl)Y™ < 42

(42)
U —nlm, ByS +DjL’ D
$By+LDyw ®-5-5 0 | =<0 (43)
Dzw O _Ipz
—® 0 AS+CLT C
0 —nlm, BiS + Dy L’ Dl
$A+LC, Bu+lDw ®-5-§ o |0 )
C. Bhag 0 —Ip,
n>v> U=0 &0 (45)

are solvable w.r.ty, (m, x my)-matrix ¥, (n, x ny)-matrix ® and structured matrix

. = S O L =
variablesS := { - } L= 01 ] ,atthatk = Sy

Michael Tchaikovsky
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State-feedback control

Synthesis of anisotropic suboptimal controllers i utpe
Static output-feedback control

Singular filtering problembDy,, = 0, rankC, = py, closed loop realization:

{AB}[ A+ BWKC, | By
C|D | | C;+DuKCy | D

There exists a nonsingular coordinate transformation majrixt.

In this basis

Anisotropic control design by convex optimization
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Synthesis of anisotropic suboptimal controllers

Theorem 7. Solution to singular filtering problem
0,~ > 0, SOF anisotropic

Let plant (33) satisipyw = 0, rankC, = p,. Givena >
controller (34) exists if inequalities

n— (e detd)V/™ < 42 (46)
U —nlm, By Dl
Bu m1 o0 | <0 47)

—II
Dow 0 —lp,
"+ M'B] R'C!l +M'D],
_nlﬁ’w B\E D-zrw
= i . <0 (48)
0 _lpz

N>+ =0 I>0 (49)

ty X My)-matrix ¥, (ny x ny)-matrix IT and structured matrix
Ry } ,M:=[ M; 0], atthatk = MR *

are solvable w.r.ty, (m,
_ _ 0
variablesR := { 0 R

Anisotropic control design by convex optimization
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Synthesis of anisotropic suboptimal controllers

Static output-feedback control

Fixed-order controller synthesis probleran be embedded into SOF controller
synthesis problem for plant with extended state:

A 0|B,| 0 By
A By By 0 0] 0|l O
C; D Day = C, 0 |Duw| O Dy
Cy Dy O 0 In| 0|0 O

C, O |Dw| O O

Closed-loop realization

.A B _ .A BW BU
¢ nl=la o] [mu]xlo m)
_ [ A+ BKC By + BuKDyy

C; +DaKCy  Dypw+ DyKDyy
K joins the controller parameters:

| Ac Be
-

Michael Tchaikovsky
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nel) control

Multiobjective and robust synthesis problems

e Multiobjective and robust synthesis problems
@ Multiobjective (multichannel) control
@ Robust control

Michael Tchaikovsky Anisotropic col design by convex optimization



multichannel) control

Multiobjective and robust synthesis problems

Standard linear plant modEgl

Linear controllerK Zi e - W

Groups of external input channelg éN «— P V:VN

(commands, disturbances, noises))i) < g Y[ ]U
K

ControlU
Groups of controlled output
MeasuremenY

Problem 4. Multichannel synthesis problem

Giveng > 0, 4; > 0 find controllerk(z) of ordern, that stabilizes closed-loop
system and ensures

hold true simultaneously, wheflg, = £;T.wRj, £j, R; are input/output selection
matrices

Michael Tchaikovsky Anisotropic control design by convex optimization



(multichannel) control

Multiobjective and robust synthesis problems

Convex optimization problems:
o state-feedback controller
o full-order output-feedback controller
e static output-feedback controller for plants that satify(z) = 0

Allow to place closed-loop poles in arbitrary LMI region. Anisotropic norm can be
applied as performance criterion in general setting of multiobjective control [Sche
Gahinet, Chilali, 1996], [Scherer, 2000]

Problems of searching for reciprocal matrices that satisfy convex constraints:
e fixed-order output-feedback controller
e static output-feedback controller (general case)

Allow to place closed-loop poles in circle of given radius

Michael Tchaikovsky Anisotropic control design by convex optimization



Multiobjective and robust synthesis problems

e Standard linear plant model

e Linear controlleK A

e External inputWV: A(W) < a ZA[ ] Wa
e ControlU

e Controlled outpuZ Ze— B
e MeasuremenY Y[ j U

e UncertaintyAy € A: AJAg < Al K

o Wa = AZa

Problem 5. Synthesis of controller for system with uncertainty

Givena > 0, ya,~v > 0 find controllerK(z) of ordern, that stabilizes closed-loop
system and ensures

I Taully < (51)
holds true for all admissible uncertaintidg € A: AJA < 14l

Michael Tchaikovsky Anisotropic control design by convex optimization



Multiobjective and robust synthesis problems

Consider auxiliary system
where uncertainty inputVa and outpuZ

are related by LI PR
Z«— P <y
Elwak|®> < 7AE|zakl? VK y U
with extended controlled output K
5 ZA
-1 7]

Problem 6. Auxiliary synthesis problem ‘

Givena > 0, ya,~v > 0 find controllerK(z) of ordern, that stabilizes closed-loop
system and ensures

ITawll, < (52)
| Towa lloo < ¥a* (53)

hold simultaneously

Michael Tchaikovsky Anisotropic control design by convex optimization



Multiobjective and robust synthesis problems

Theorem 8. Connection between auxiliary and main problems

Let controllerK solve auxiliary Problem 6, i.e. inequalities (52), (53) hold true fo
closed-loop systen; (P, K). Then inquality (51) holds true for closed-loop syste
Fi(Pa, K) with the same controlleK for all A € A, i.e. controllerK also solves
main Problem 5. Converse is generally incorrect.

Convex optimizatation problems:
e state-feedback controller,
e full-order output-feedback controller
Allow to place closed-loop poles in arbitrary LMI region robustly
Problems of searching for reciprocal matrices that satisfy convex constraints:
e fixed-order output-feedback controller
e static output-feedback controller (general case)

Michael Tchaikovsky Anisotropic control design by convex optimization



Control of mor

Numerical examples

Numerical examples
@ Landing aircraft in wind shear conditions
@ Control of monoaxial powered gyrostabilizer

@ Models from COMPIeib collection

design by convex optimization
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stabilizer

Numerical examples

e Controlled variables:
— altitudeh
— airspeed/
e Control:
— engine thrust
— elevators

@ DisturbanceW

mV = Tcosa — D —mgsingd — m(Wy cosd + Vi, sind)
mVd = Tsina+ L —mgcosd + m(Wysind — Wy, cost)
L, = M,

i = w,

h = Vsind +w

T = %(*T + Ke(st)

de = Kywz + Ky + Keyley, a=19—10

Control objective
Minimize influence of disturbance on deviation of altitude and airspeed

Michael Tchaikovsky Anisotropic control design by convex optimization



n wind shear co

Numerical examples

Discrete-time linearized model (standard plant):

X1 A By By X
P(2) : Zk =| C, Dy Dy Wy
Yk Cy Dyw 0 Uk
Xk = [ AVk, A@k, sz,k, Aﬂk, Ahk7 ATk ]T
We = [ Wk, Wk, Wyk, Nyk Nyk )T, A(W)<a
U = [ Aecmk, Aat,k }T
Zx = [ AVk, Ahk, A’ls‘cmk, A(St,k ]T
Y = [ AW+ Ny, ks Ahy + Ny, k ]T

Problem statement

Givena > 0 andy > 0, find (generally dynamic) output-feedback controller (15) tc
stabilize closed-loop system((4) < 1) and ensurT,y|, < ~ holds true

Michael Tchaikovsky Anisotropic control design by convex optimization



Landing aircraft in wind shear conditions
ntrol of monc

Viodels from
Numerical examples

Full-order output-feedback controllers

Wind speed Measurement of air speed deviation

X

Horizontal wind speed W_ (m/sec)
Measurement y|:A\/+nv (m/sec)

10 20 30 40 50 60 H
—AC
I H2
T —_
& E
E &
£ 5
5 i
§ =
5 g
£ 5
S 4
%’_‘) g
>
30 o 10 20 30 40 50 60
Time (sec) Time (sec)

Horizontal and vertical components ofVieasurements of airspeexV + ny and
wind speedV,, W, altitude Ah + np,
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Landing aircraft in wind shear conditions
ntrol of m

Viodels from

on(

AV (m/sec)

Controlled output z,

Controlled output z,=Ah (m)

Numerical examples

Full-order output-feedback controllers

Air speed deviation

|
IS}

I
©® o &

—10F v

L
>

o
o
N
S
@
S
IS
3

50 60

_600 10 20 30 40 50 60
Time (sec)

Controlled output: airspeedlV,
altitudeAh

Michael Tchaikovsky

Deviation of generalized elevator

N
=3

o

o

Control u ‘:Aﬁcy (deg)
S

=)

Deviation of throttle lever
T

10 20 30 40 50 60
Time (sec)

Control: elevatorAdy,
throttle leverAd;
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Landing aircraft in wind shear conditions
ntrol of monc €

Numerical examples

Full-order output-feedback controllers with pole placement

Air speed deviation Deviation of generalized elevator

Controlled output z‘=AV (m/sec)

-2
-3 ;
'
_4 . . 1 1 .
0 10 20 30 40 50 60
Altitude deviation - Deviation of throttle lever
10 T T T T 50 T T T T T |

Control u2:A8l (deg)

Controlled output z,=Ah (m)

_400 16 26 3‘0 4‘0 50 60 0 10 20 30 40 50 60
Time (sec) Time (sec)
Controlled output: airspeefiV, Control: elevatorAdy,
altitudeAh throttle leverAd;
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Landing aircraft in wind shear conditions
ntrol of monc €

Numerical examples

Fixed-order output-feedback controllers with pole placement in circle

Air speed deviation Deviation of generalized elevator

20

o

(deg)
@

=)
o
=)

)

Controlled output z‘=AV (m/sec)
L |
= &
Control u =Ad
1 y

|
o
a2t
)
=3
IS
3
o
3
=)
3

20

Deviation of throttle lever

Altitude deviation

Controlled output z,=Ah (m)

_1000 16 20 30 40 50 60 =Y
Time (sec) Time (sec)
Controlled output: airspeefiV, Control: elevatorAdy,

altitudeAh throttle leverAd;
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Landing aircraft in wind shear conditions
ntrol of monc

Viodels from
Numerical examples

Static output feedback controllers with pole placement in circle

Air speed deviation Deviation of generalized elevator
5 2 20
]
E B 15
3 l’;10
s B ’ 2°
Eiil - s
€ -10r
<3
© _12 i i i i i 5 i i i i i
0 10 20 30 40 50 60 H 0 10 20 30 40 50 60
—AC
--H Deviation of throttle lever
20
E 15
% g
= 10
E! {1’
E]
g g s
53 =
s 0
o
=100, 10 20 30 0 50 60 = 30
Time (sec) Time (sec)
Controlled output: airspeefiV, Control: elevatorAdy,
altitudeAh throttle leverAd;
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A0 (deg)

Trajectory slope angle Xy

Pitch angle rate ><3:Amz (deg/sec)

IS
S

Numerical examples

Landing aircraft in wind shear conditions
ntrol of monc

Viodels from

Full-order output-feedback controllers

Deviation of trajectory slope angle

@
S

N
=3

=)

=)

L
RS

=) o

o

Deviation of pitch angle rate
T T T T

30
Time (sec)

Trajectory slope angl&d,
pitch rateAw,

Michael Tchaikovsky

Pitch angle X, =A0 (deg)

Pitch angle deviation

30k . . 4

Additional thrust

5 T T T T T

0 10 20 30 40 50 60
Time (sec)

Pitch A4,
engine thrusn\T

ol design by convex optimization



Landing aircraft in wind shear conditions
ntrol of monc

Viodels from
Numerical examples

Full-order output-feedback controllers with pole placement

Deviation of trajectory slope angle Pitch angle deviation

5 20 20
8

3 15 2 15

Ry =

2

g0 W, 10

2 °

5 s g s

@

g 5

g o0 z 0

o8

o

- 5 i i ; ; I 5 ; ; I I ;

0 10 20 30 40 50 60 H 0 10 20 30 40 50 60
—AC
- -H,

)

o

2

>

8

= z

~ <

3 E

il <

& g

2 =

© ]

o H

2 =

&

=

L

o

6 I I ; ; I
0 10 20 30 40 50 60 30
Time (sec) Time (sec)

Trajectory slope anglad, Pitch A,
pitch rateAw, enginethrusAT
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Singular Values (dB)

Numerical examples

Landing aircraft in wind shear conditions

ntrol of monc

Full-order output-feedback controllers

Singular Values

-100-

-150-

—-2001

-250

-3001

10 10° 10
Frequency (rad/sec)

Singular values

Michael Tchaikovsky

Imaginary Axis

0.01

0.008

0.006

0.004

0.002

-0.002

-0.004

0.006

-0.008

-0.01

Pole-Zero Map

20K

Yo

—H
—AC

0.98 0.985 0.99 0.995

Real Axis

Closed-loop pole-zero map
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Landing aircraft in wind shear conditions

ntrol of monc

Numerical examples

Full-order output-feedback controllers with pole placement

Singular Values Pole-Zero Map
)
0.015 —_ach
il " ——H,
x T
0.01f o [
\ \
& | 0.005] LR [
S 0 . «
8 E: . \
2 N
g Bl g oF - x x x oo 44
8 e
3 E N |
g
g x X
i ~0.005} x 14
| ; \
0.01F ;; x ‘ |
~0.015 ’ B
= 107" 10° 10 102 10° 0965 097 0975 098 0985 099 0995 1
Frequency (rad/sec) Real Axis
Singular values Closed-loop pole-zero map
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Landing aircraft in wind shear co
Control of mc
Models from

Numerical examples

Closed loop with pole placing

Closed loop with full-order controller
full-order controller

Controller Controller
K2 | Ka | Ks ‘ ’ K2 | Ka | Kso
Solution results:
v 0.516 5.4203 | 10.894 2.4714 | 1.6461 23.17
| Tzwl|2 0.516 1.1473 | 3.1448 2.4058 | 3.4063 | 12.598
I Tzwllo.7 7.8391 | 5.1768 | 5.5944 1.1489 | 1.5681 | 5.6791
| Tow]| 0o 15.855 10.93 10.891 229 21.655 | 23.112
Simulation results:
max|AV/[, m/s 11.3 3.559 4.329 3.427 2.716 2.872
max|Ah|, m 54.79 46.87 39.79 36.4 30.34 328
max|A#6|, grad 14.86 16.04 31.6 16.02 16.25 16.07
max|Aw,|, grad/s | 4.884 5.043 10.56 5.825 6.205 5.863
max|Ad|, grad 19.06 19 38.08 19.54 19.72 19.39
max|AT]|, kN 7.263 22.58 42.48 26.17 27.42 26.53
max|Adgy|, grad 20.7 20.8 21.91 22.01 23.22 25.44
max|Ad|, grad 8.224 29.25 29.23 35.25 38.65 54.01

Michael Tchaikovsky Anisotropic control design by convex optimization



onditions
gyrostabilizer

© gyroscope

sensor of angl@ of SE GU precession axis
gyrostabilized platform

object of stabilization

force stabilization motor of GSP
stabilization loop amplifier

sensor of moments

sensor of angle: of GSP stabilization axis

000000600O0

gyro unit

Control objective

Track input commanda. defining angular position: of gyrostabilized platform

stabilization axis and simultaneously stabilize to zero angular positimirsensor
element of gyro unit under unknown external disturbing torques and weakly

correlated noises of measurements of angular velocities

Michael Tchaikovsky Anisotropic control design by convex optimization



Numerical examples

Model of monoaxial gyrostabilizer considers effect of oscillations of rotor of
synchronous hysteresis-reluctance motor (SHM) to angle errors

Q) = walt)
Galt) = —5walt) = Flws(t) + M) — M)
B = ws(t)
p(t) = “f;)wm— Fows(t) + 5 ME) — EME(D)

a(t), B(t) : angular positions of GSP stabilization axis and SE GU precessiot
axis
wa(t), wa(t) - angular velocities of GSP and SE GU
H(t) = Ho + AHgsin(2rft) : variable kinetic moment of GU
e Ho : nominal kinetic moment of GU
o AHp : amplitude of harmonic change of KM GU
o f : oscillation frequency of rotor of SHM
Jo, Jg : moments of inertia of GSP and SE GU
Kgas Kgs : coefficients of viscous friction
My (1), M5(t) : generalized external disturbing torques
Mg (1), M(t) : control actions of GSP and GU force stabilization motors

Michael Tchaikovsky Anisotropic control design by convex optimization



Numerical examples

To solve angular position control problem, equation system is expanded and put
standard form

Xk+1 A Ba By By Xk
= | zZak | | Ca 0 Daw Dauy Wak _
P& 2 |7 C 0 Dw Da || w 2ok = AW
yk Cy O DyW O Uk

x=[ flac—a) a ws [B B wsg My Mj N
Wlk:[ac M‘g M)g }T W2k:[na Ng ]T

a=[ flac—a) [B Us ug
yk:[f(ac—a) o Wo + Ny fﬁ B wg+ng ]T

U=[U, ug]"
]T

Multiobjective robust controller synthesis problem

Givena; > 0,a, > 0,v1 > 0,2 > 0, ya > 0, find dynamic output-ffedback
controller such thap(A) < 1 and

ITalley <71 ITzwella, <72 YA:T(A) <3

Michael Tchaikovsky
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Landing aircraft ir ar conditior
Control of monoaxial powered gyrostabilizer

Models from ’leib collection
Numerical examples

Stabilization of GSP under disturbances

Angular position and speed of precession axis
100 T W T T ‘u'\ T

B (sec)

1 T T
05— R -
f .vw‘.‘- e AR i .vl Frbooes it ot Y‘Uv‘\l el 'Y ity

-0.5 -

peitl e Rt o |
ettt oo

mB (sec/sec)
o

1 1 1 1 1 | 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

External disturbing moment
T

M (g cm)

5
Time (sec)

Angular positions and velocitywg of SE GU precession axis;
external disturbing torqui!?/
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o~
Control of monoaxial powered gyrostabilizer
Models from COMPIeib collection

Numerical examples

Stabilization of GSP under disturbances

Angular velocity of stabilization axis

Time varying moment of inertia
540

5
Time (sec)

Angular velocityw,, of GSP stabilization axis; integral of angular position of SE G|
precession axig [3; variable kinetic momeritl of GU

Michael Tchaikovsky
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Control of monoaxial powered gyrostabilizer

Numerical examples

Stabilization of GSP under disturbances

Control signal of controller
T | T T T T [ T
L . o i . |
e e I it " ‘\“\H“‘ TN T iR
b n Al ;h\‘w w‘ I y m\‘u !‘W . “ uh \‘H | “ k \H\ \ i M” M T w IR i

¢
[
il 1 I

I I AT w‘u H‘H“ {1y i il
\} }\ \ AT H M’ { 4( ‘[ il }‘1“”‘ \m
! i
f I b I
3 4 9

Control actions of force stabilization motor

| l Iy
w uu gl
2000 . ! il

e
— 1000 ‘“\“‘ “‘m.h
§ Rk
&

u
Ma(

RN
iy il
~1000f i w w.‘; M . }‘w““m “‘M el i “‘\ h,‘w‘ i
i \ 5 Bl ' f ~ :
,2000 it Ll |
q mu h H‘h

5
Time (sec)

Control signalu,, of controller;
control actionMY, of GSP force stabilization motor
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Landing aircraft in conditions

‘
oaxial powered gyrostabilizer
0 ollection

Numerical examples

Stabilization of GSP under disturbances:
closed loop with different controllers

Controller
K | Kajem | Kep
Solution results:
751 (v&) — 0.12727 0.057519
%TZ 3) — 0.19681 0.29955
7N — 60 60
I Tz 1 45 0.92164 0.061381 0.083662
I Tzw, ||\0‘05 0.1768 0.020269 0.019157
I Tzw || oo 3.4078-1075 | 4.0384-107° | 4.6281-107°
[ Tzw, ||2 0.11792 0.0080756 0.0040558
Simulation results:
max|s|,” 99.33 69.65 81.99
max|wa|, /s 2889 2272 2627
max|ws|, "/s 5370 4463 5172
max|Mg|, g-cm 3942 1431 1545
max|ua|, A 0.54 0.03496 0.01655
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Landing aircraft i r conditions
Control of monoaxial powered gyrostabilizer

Models from COMPIeib collection

Numerical examples

Tracking GSP angular position

Angular positions of stabilization and precession axes

—
<
=

'Y

-501— =
-1 1 1 1 1 1 1 1 1 1
000 1 2 3 4 5 6 7 8 9 10
2 T F T
i B I
_ 1 “ 5 i i N
2 i " " . \
Y T 1 i
= f v i
4 i b ’ 1 -
i i
»y | Ly | | 1 I |
0 1 2 3 4 5 7 8 9 10
Time (sec)

Angular positionn of GSP stabilization axis; tracking erreg; angular positiors of
SE GU precession axis
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Landing
Control

Models from COMPIeib collection
Numerical examples

Tracking GSP angular position

x10° Control actions of force stabilization motors
° T T T
4 (
. i
2HY 3 _
£
O %
2 / - V‘ v
2 3 : . . -
_4f- 4
-6 4
_8 1 1 1 1 1 1 | 1 1
0 1 2 3 4 5 6 7 8 9 10
,x10°
1= : 4
o \ v
2@ g
=
- -
o U 4
-3 1 1 1 1 1 1 | 1 1
0 1 2 3 4 6 7 8 9 10

5
Time (sec)

Control actionsVly, andMj; of force stabilization motors of GSP and SE GU
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Landing aircraft i ar conditior
Control of monoaxial powered gyrostabilizer

Models from ’leib collection
Numerical examples

Tracking GSP angular position

Control signals of controller
3 T T T

)
AN )
T
1

5
Time (sec)

Control signalsi,, andug of controller
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Landing airc
Control of monoaxial powered gyrostabilizer

Models from IPleib collection
Numerical examples

Tracking GSP angular position

Angular velocities of stabilization and precession axes
T T T T T

IS
=}

®, (rad/sec)

o 8

P
=
<
pd

-201— 1
—40 1 1 1 1 | 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
40 T
’g 20— & ]
é o L K k. .
g 20 v b
'
—40 1 1 | 1 1 1 | 1 1
0 1 2 3 4 5 6 7 8 9 10
Time varying moment of inertia

700 T T T

300 1 1 1 1 1 1 1 1 1
6

5
Time (sec)

Angular velocitiesv,, wg; variable kinetic momeri of GU
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ar conditiol
Control of monoaxial powered gyrostabilizer

Numerical examples

Tracking GSP angular position

External disturbing moments
1000 T T T

10 i i i i i i i i i
5
Time (sec)

Disturbing torques/y,, My
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Landing airc
Control of v
Models from

Numerical examples

Tested models frof®OMPLib collection [Leibfritz, 2004]:
e aircrafts: transport, supersonic, VTOL
e helicopters: transport, military

jet engines

stabilization of optical system

cruise missile (“terrain-following model”), “air-to-air” missile

Euler-Bernoulli beam (order 10. .. 80)

distillation binary tower

electric power system

jet pack

submersible vehicle
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Conclusion

Results:

o
2]

© ©060600O0

Bounded Real Lemma for anisotropic norm in terms of inequalities

Synthesis of fixed-order anisotropic suboptimal controllers in form of dynami
output-feedback compensators via semidefinite programming and numerica
optimization

Synthesis of static output-feedback anisotropic suboptimal controllers
Synthesis of anisotropig-optimal controllers via convex optimization

Solution to multiobjective problems of anisotropic control

Synthesis of anisotropic suboptimal controllers that ensure closed-loop pole
placement in given LMI region of complex plain

Synthesis of robust anisotropic controllers for models with uncertain parame
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