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Models for Nominal responses

Explicative variables

{ } ,...,1 J∈Y Response variable

xT  x1, . . . ,xm  ∈ Rm

Mu
lti

no
m

ial
m

od
els

Ur  r0  xTr  r, r  1, . . . ,J

r  r1 , . . . ,rm  1 , . . . ,Jwhere and  are v.a.i.i.d. (F )

jJjr UUr
,...,1

max
=

=⇔=Y

PrY  r ∣ xT   
−

 
s≠r

Fs0  xTs  fd

s0  r0 − s0 s  r − swhere  y  

For
Fx  exp− exp−x

we obtain the multinomial logit model given by

PrY  r ∣ xT  
expr0  xTr

1 ∑
s1

J−1
exps0  xTs

s0  s0 − J0 , s  s − Jwhere  
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Models for Ordinal Responses (I)

Cumulative models

Y  r  r−1  U ≤ r, r  1, . . . ,J,
where  −  0  1 . . . . J  .

U  −xT  ,
 F.where is  r.v. (

PrY ≤ r/xT   PrU ≤ r  Fr  xT

For Fx  1  exp−x−1 x ∈ R, we obtain the cumulative logistic model

PrY ≤ r/xT  
expr  xT

1  expr  xT
, r  1, . . . ,J − 1.

Fx  1 − exp−expx x ∈ R, we obtain the grouped Cox model

PrY ≤ r/xT   1 − exp−expr  xT, r  1, . . . ,J − 1

we obtain the extreme maximal-value distribution model,       ))exp(exp()( R∈−−= xxxF

PrY ≤ r/xT   exp−exp−r  xT, r  1, . . . ,J − 1

For

For
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Models for Ordinal Responses (II)

F.where is r.v. (

The response mechanism starts in category 1 and the first step is determined by

Y  1  U1 ≤ 1 ,

1 U1 ≤ 1where is a threshold parameter. If , the process stops. If not, the process is continuing

in the form
2 22 given 2 ,Y Y U α= ≥ ⇔ ≤

and so on. Therefore, the complete mechanism is specified by 

given ,  1,..., 1Y Y r rr r U r Jα> ≥ ⇔ > = −

where J   .

The probabilities of the model are given by

( ) ( ) ( )( ) JrFFr T
s

r

s

T
r

T ,...,1 ,1/Pr
1

1

=+−+== ∏
−

=

ββ xxxY αα

where ( ) 1.
0

1

=∏
=s

Sequential Models 

r

Ur  −xT  r, r  1, . . . ,J − 1
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we obtain the sequential logistic modelFx  1  exp−x−1 ,

( ) ( )
( )β

β
T

r

T
rTrr

x

x
xYY

++

+
=≥=

α

α

exp1

exp
,/Pr

we obtain the extreme minimal-value distribution sequential model)),exp(exp(1)( xxF −−=

PrY  r/Y ≥ r,xT   1 − exp−expr  xT, r  1, . . . ,J − 1

This model is a special parametric form of  the grouped Cox model. 

we obtain the exponential sequential model)),exp(1)( xxF −−=

( ) ( )( ) exp1,/Pr βT
r

Trr xxYY +−−=≥= α

Models for Ordinal responses (III)

For

For

For
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{ }( ) ( )βT
r

T Frrr xxYY +=+∈= 0,1,/Pr α

with

It can be rewritten as a multinomial model with an ajusted design matrix

log
PrY  r/xT 

PrY  J/xT 
∑

kr

J−1

k0  xTr0  ur
T

r0  ∑kr
J−1 k0 ur  J − rxwith  and  .

It can be generalized substituting the logistic distribution function F
function strict monotone increasing

Adjacent categories logits model

( )( ) 1exp1)( −−+= xxF

by every distribution
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Multinomial Generalized Linear Models (I)

Y ∈ 1, . . . ,J

( ) Nixx imi
T
i ,...,1,,...,1 ==x

Multinomial GLM assumed that  i  EY/xi
T  is determinated by a linear predictor

i  Zi
T

in the form

Zi )1( −× Jp
xi  p

where h is a vectorial response function, is a

from and  is a -dimensional vector of unknown parameters.

Y1 , . . . ,YN ( ) ( ) ( )( )ββ T
iJ

T
iii nM ZZxY 11 ,...,; −≡ ππm.a.s. with

( ) ( ) ( ) ( )( )1 1( | ),  1,..., 1  and  ,...,
TT T T T T

r i i i i J iP r r Jπ π π −= = = − =iZ Y x Z Z Zβ π β β βbeing  

All the above models can be written as a multinomial GLM.

 i  hi   hZi
T  

-design matrix obtained
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Response function  with

hri1 , . . . ,iJ−1  
expir

1 ∑
s1

J−1
expis

, r  1, . . . ,J − 1

or link function  with

gr1i , . . . ,J−1i   log ri 
1 − 1i  . . .J−1i 

, r  1, . . . ,J − 1

T  10 ,1
T, . . . ,J−10 ,J−1

T 

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

T
i

T
i

T
i

T
i

x

x
x

Z

1
.

.
.

1
1

Multinomial logit and adjacent categoríes logits models

Multinomial Generalized Linear Models (II)

( )
( )

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−
−

=

T
i

T
i

T
i

T
i

J
J

x

x
x

Z

1
.
.
.

.
.

.
21
11

T  10 , . . . ,J−10 ,T 

Multinomial logit model Adjacent categoríes logits model

h  h1 , . . . ,hJ−1 

g  g1 , . . . ,gJ−1 
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Multinomial Generalized Linear Models (III)

Link function  with

( ) ( )( ) ( ) ( )( ) ,1,...,1 ,...,..., 1
1

11 −=++= −
− JrFg iriiJir ηπηπηπηπ

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

T
i

T
i

T
i

T
i

x

x
x

Z

1
.
.
.

.
.

.
1

1

and T  1 , . . . ,J−1 ,T 

Cumulative models

Link function  is given by

gr1i , . . . ,J−1i   F−1ri /1 − 1i  −. . .−r−1i , r  1, . . . ,J − 1

and the parameter vector as well as the design matrix match with the cumulative model

Sequential models

g  g1 , . . . ,gJ−1 

g  g1 , . . . ,gJ−1 
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DKullback
p,p ∑

l1

J

∑
i1

N yli
n log

yli
n

lxi 
nxi 

n
being

p 
y11
n , . . . , yJ1

n , y12
n , . . . , yJ2

n , . . . , y1N
n , . . . , yJN

n
T
,

( ) , 1
1 si

J
siJi yny ∑−= −
=x ,,...,1 Ni = n  nx1  . . .nxNwith  and

p  nx1 
n

Z1
TT, . . . , nxN

n
ZN

TT
T

Z i
TT  1Z i

T, . . . ,JZ i
Tbeing  

 Nyy ,...,1

LN;y1 , . . . ,yN  Cte ∑
i1

N

lN,i;yi 

lN,i;yi   log
Z i

TT

JZ i
T

yi  nx i  logJZ i
T

logxT  logx 1 , . . . , logx J−1  ( ) ,,..., 11
T

Jxx −=x ( ) ,,..., 11
T

iJii yy −=y
i  1, . . . ,N JZ i

T  1 − 1Z i
T −. . .−J−1Z i

T

MLE of is obtained maximizing the log-likelihood function of the sample

with

where by we call with
and

Minimum φ –divergence estimator. 
Asymptotic properties (I)
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.


  arg min

∈Θ
DKullback

p,p

where
( ){ }pssp

T ,..,1 ,:,..., 1 =∈==Θ Rββββ (1)

DKullback
p,p  Cte − 1

n log
i1

N


l1

J

lZ i
Tyli  Cte − 1

n LN;y1 , . . . ,yN

( )
)

( )( )1 ; ,...,  ,N N KullbackMaximize L Minimize D≡β βy y p p

Minimum φ –divergence estimator. 
Asymptotic properties (II)
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D
p,p  ∑

l1

J

∑
i1

N

lxi 
nxi 

n 
yli
n

lxi 
nxi 

n

ΦΦ∈ y  φ x, x  0,
( ) ( ) ( ) ,01'' ,01' ,01 ,1 >=== φφφx ,0=x ( ) 00/0  0 =φ ( ) ( ) ./lim0/0 uupp u φφ ∞→=

with is the class of the convex  functions such as for

for and  

  ,...,1  , Nii =Y
( ) ( ) ( )( ).,...,; 11 ββ T

iJ
T
iin ZZx −ππ  

Let , be independent random variables with multinomial distributions of parameters  

The minimum - divergence estimator of for the model

is given by

  arg min

∈Θ
D

p,p.

Note that for  x  x logx − x  1 we obtain the MLE.

Let

( )
⎭
⎬
⎫

⎩
⎨
⎧

=>===Δ ∑
=

JNiqqqqq ii

JN

i

T
JNJN ,...,1 ,0 ,1:,...,

1
1

Definition 1

Minimum φ –divergence estimator. 
Asymptotic properties (III)

 i  hi   hZi
T
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 : Θ → ΔJN

0 t ∈  t  0 nFI ,

.0β  

Assuming that  has continuous second partial derivatives
and twice continuously differentiable for  with

positive definite in Under these conditions, the minimum -divergence estimator of  is unique  

where ( ) ( ) T
nnF ZZVI ββ =,

being Z Z1 , . . . ,ZN and ( ) ( ) ( )( )βββ Nnnn Diag ,1, ,..., VVV =

( ) ( ) ( ) ( ) ( )
T
i

i
i

i

ii
in n

n
η
ηπ

βΣ
η
ηπ

β
∂

∂
∂

∂
= −1

,
xV

and  

 ,...,1, Nii =Y
( ) ( ) ( )( ).,...,; 11 ββ T

iJ
T
iin ZZx −ππ

Let  , be independent random variables with multinomial distribution of parameters  
Theorem 1

for the model0β

(2)

in a neighbohood of

in a neighborhood of


  0IF,n0 −1ZDiag Cn,i

0 
i1,..,N

Diag p0 −1/2 p−p0   ‖p−p0 ‖1
p;p−p0 

Cn,i
0  Cn,i 0 

nxi 
n

1/2 ∂i 

∂i
T Diag i 

−1/2

0

, i  1, . . . ,N

( )( ) ( ). ; that  verifies: 00
11 ββαα ppppp →→−→× aspJNJN 0RR

Minimum φ –divergence estimator. 
Asymptotic properties (IV)

 i  hi   hZi
T and satisfying that
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nxi  → ,  ,...1 Ni =

nx i /n →  i  0, i  1, . . .N,

Under the assumptions of Theorem 1 and assuming that such that  

it holds

n

 − 

0 L

n→
→ N 0, IF,0 −1

where  IF,  limn→ IF,n.

n p

 − p0 

L

n→
→ N0,20 

where 20   S0 ZTIF,0 −1ZS
T0 

with  ( ) ( )00 lim ββ nn SS ∞→=λ

Theorem 2

a)

b)

and  Sn  Diag nx1 
n
∂1 
∂1

, . . . , nxN
n

∂N
∂N

Minimum φ –divergence estimator. 
Asymptotic properties (V)
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Restricted minimum φ –divergence 
estimator. Asymptotic distribution

{ }ξ=ββ TK /  0 Θ∈=Θ

defined in (1) and

Definition 2

 ,...,1  , Nii =Y
( ) ( ) ( )( ).,...,; 11 ββ T

iJ
T
iin ZZx −ππ φ β Θ0

Let , be independent random variables with multinomial distribution of  parameters
The restricted minimum - divergence estimator of in

for the model is


Θ0  arg min

∈Θ0
D

p,p.

Theorem 3
Under the assumptions of Theorem 2. The restricted minimum

0
  Θ0- divergence estimator of to for 

is unique in a neighborhood of

a)

where ( ) ( ) ( )( ) and 
110

,
10

,
0 T

nF
T

nFn KKIKKIIH
−−−

−= βββ

b) n


Θ0 − 0 L

n→
→ N 0,H0 IF,0 −1H0 T

the model and satisfing that

KT r p prT <=)(K
 r

with is any matrix of rows and columns with rank and

is a vector, of order of specified constants.
Θ



Θ0  0Hn0 IF,n0 −1ZDiag Cn,i

0 
i1,..,N

Diag p0 −1/2 p−p0   ‖p−p0 ‖3
p;p−p0 

( )( ) ( ). ; that  verifies: 00
33 ββαα ppppp →→−→× aspJNJN 0RR

 i  hi   hZi
T

 i  hi   hZi
T
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Hypothesis Test (I)

ξ≠βξ=β TT HagainsH KK :t: 10

KT r p prT <=)(K 
r

where  is any matrix of rows and columns with rank and

is a vector, of orden of specifed constants.

Particular case

,:    against        : 10 00 ≠β=β rr HH

r  r Kwith  a subvector of of dimension and is given by

.

1...00
......
0...10
0...01

pr×
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

( ) ( )( ) ( )02 , 1Kullback pLRT nD o
Θ

= +
) )

p pβ β

o equivalentently

( )( ) ( )( )02 , , .Kullback KullbackLRT n D D
Θ⎛ ⎞= −⎜ ⎟

⎝ ⎠

) ) ) )
p p p pβ β

(3)
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Hypothesis Test (II)

Tn
1,2  2n

1
′′1

D1 p

2

,p

2

Θ0

and 

For LRTin (5) we obtain( ) 1log2 +−= xxxxφ

.0H

The asymptotic distribution of the family of

degrees of freedom under

Under the assumptions of Theorem 2 and

( ) cST nn >221  ó, φφφ cTo reject if is such that

( )( ) ( )1,0 ;/ ó 0
, 221 ∈=≥ ααφφφ HcSTP nn

c 1 −  − 2
rχBy Theorem 4, can be chosen as the quantil of a

(4)

(5)

Theorem 4

Sn
2  2n

2
′′1

D2
p,p


2

Θ0 − D2
p,p


2

.

0H at level where

1 ∈ .

statistics given in (4) and (5) is a chi-square with r
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Hypothesis Test (III)

degrees of freedom and noncentrality parameter

δξβ 2/1
,1 : −=− nH n

T
n K

1 ∈ .

H1,n r

Under the assumptions of Theorem 2 and The asymptotic distribution of the family given in 

(4) and (5) is a noncentral chi-square under

  T KTIF,0 −1K
−1
.

Tn
1,2( )2 ó φ

nSAn approximation of the power function of the test statistic

( )( )2
1,

2Pr αχμχ −> rr

( )μχ 2
r .with a noncentral chi-square with  r degrees of freedom and noncentrality parameter

is obtained by
under the alternatives

nH ,1

Theorem 5

with

 ∈ P

KT ξ  ,)rank prT <=(Kwhere  is any matrix of r rows and p columns with

order r of specific constants and

is a vector of 
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Outline

Multinomial models

Statistical Inference for multinomial models
Estimators and Phi-divergence Test

Diagnostics Tools for the Multinomial Generalized Linear
Models

Computational study for some ordinal models

Overall test statistics

Variable Selection Methods

Diagnostic Tools
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Overall test statistics (I)
Di
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 To
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X2 ∑
i1

N

Xi
2 ,  

where

Xi
2 ∑

l1

J yli − nxi l Zi
T

2

nxi l Zi
T

,2
1

i

N

i

dD ∑
=

=

where

di ∑
l1

J

yli log yli

nx i l Zi
T

.

(6)
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H0 : p  p  

Bn
1,2  2n

1
′′1

D1
p,p


2

.

2x  x logx − x  1 1x  1
2
x − 12 1x  x logx − x  1For y or

we obtain           or          , respectively.

,iY  ,...,1 Ni =

( ) ( ) ( )( ).,...,; 11 ββ T
iJ

T
iin ZZx −ππ 1 ∈ .

Bn
1,2 ,

J − 1N − p

Let , be independent random variables with multinomial distribution of parameters

Under the assumptions of Theorem 2 and

The asymptotic distribution of

degrees of freedom.

(7)

D2X

Theorem 6

under the null hypothesis given en (7), is a chi-square with

Overall test statistics (II)
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Variable Selection Methods

,:    against        : 10 0K0K r ≠β=β=β=β T
r

T HH

r  rwith a subvector of of dimension

Lα UL ∈

0L

A maximal model M is tested against a set U of admissible submodels of M obtained by removing

The p-values are calculated

Then the submodel with

0 0
max  and ,L L L outL U

α α α α
∈

= >

out

L0 M,

.outL αα >

a prechosen exclusion level, is selected.

is redefined as

with one less explicative variable.

It terminates if there is no p-valor

Backward Stepwise Procedure 

1)
parameters associated to an explicative variable

2)

3)

4) and the backward procedure is applied iteratively to admisible submodels

5)

of the submodels
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Outlying Points (I)

.

RT  r1
T, . . . ,rN

T  with

ri  nxi −1/2i
−1/2 

 yi − nx i  Zi
T

being

with

e i
2  yi − nxi  Zi

T2
, i  1, . . . ,N.

r i  nxi −1/2i
−1/2 

 y i − nx i 
 Zi

T

y i  y1i, . . . ,yJi T 
i   srs,r1,...,Jwhere y with

Xi
2  r i Tr i.


i Diag Zi

T−1
A generalized inverse of is given bythat verifies

( )
( ) ( )( )
( ) ( )

1

-

T T
r i r i

sr T T
r i s i

r s

r s

π π
σ

π π

⎧ Ζ − Ζ =⎪= ⎨
Ζ Ζ ≠⎪⎩

β β
β

β β

ri
2  nx i −1/2i

−1/2 
2

ei
2 , i  1, . . . ,N

Xi
2  ri Tri. given in (6).
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Outlying  Points(II)

1 ,2  r i
1,2The generalized residual -divergence is defined by the J-dimensional vector

s -coordinate

2nxi 
1
′′1

sign ysi − nxi s Zi
T2

s Zi
T2

1
ysi

nx i s Zi
T2

1/2

and verifies

Bn
1,2 ∑

i1

N
r i
1,2 Tr i

1,2 .

r i
2  Diag nxi 

 Zi
T2

−1/2 e i
2

with 
e i
2  y i − nxi 

 Zi
T2

Definition 3

with
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Leverage Points (I)

.

The GLM hat matrix, where the parameters are estimated by using the minimum 2 −divergence estimator,

i, j  1, . . . ,N, J − 1 −

The square matrices and are projection blocks matrices, where each block 

and is dimensional.

Definition 4

H HIM −=

For all i  1, . . .N,

Properties

i)

ii)

H

2

Vn

2

1/2
ZTIF,n


2

−1
ZVn


2

1/2
.

Hij 
2 Mij 

2

0 ≤ Det Mii 
2

 1,

( )( )2
Trace pϕ =

)
H β

is given by
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Leverage Points (II)

.

is given by volume of the asymptotic confidence ellipsoid forThe variability of

If  is deleted, then the volume of the confidence ellipsoid is proportional to

i Indicates that the contribution to the corresponding matrix has been removed.where the subscript

A point with a value near zero of

which is proportional to

xi

Is defined as a leverage point for the GLM.

A reasonable rule of thumb for detecting  leverage points is to consider that

is a leverage point if

xi

where V  nVn

xi

( )( )2
2 /iiTrace p Nϕ >

)
βH


2

Det ZV

2

ZT −1 1/2

Det ZiV
i 

2
Zi

T
−1 1/2

Det Mii 
2


Det ZiV

i 
2

Zi
T

Det ZV

2

ZT
 1
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Leverage Points (III)

.


2
≈ N 0 , ZV0 ZT −1


2

i
≈ N 0 , ZiV

i
0 Zi

T
−1

.

and

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( )xxxx

aaxaxxaax

aaaa

a
a

φφφφ
φ

1100

11

lim ,lim
,1,0 ;11

−→−→

+−

==
−≠≠−−−+=

Therefore, the new measure to detect leverage points is given by

Ia
i 

2
 1

aa  1
Det I  aHii 

2

−1/2

Det I−Hii 
2

a/2
− 1 a ≠ 0,a ≠ −1,

( ) ( ) ) ( )( ) ( )

) ( ) ( )( ) ( )( )( )2 2 2 2

1( )

1
1 log .
2

ii T T ii
i iTrace Detϕ ϕ ϕ ϕ

−

−
⎛ ⎞= − +⎜ ⎟
⎝ ⎠

) ) ) )
I ZV Z Z V Z I Mβ β β β

where

( ) ( ) ( )( ) ( )( )( ){ }2 2 20
1 log
2

i ii iiI Trace Detϕ ϕ ϕ= − + −
) ) )

H I Hβ β β

Da

2

,

2

i
 

Rp
f
2

i x a
f2

x

f
2

i x
dx
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Influential points

.

Cook distance generalization

2 − with the minumum divergence estimator of when the i-th observation is eliminated

A particular case of C2

i indicate the influence of  the i-th observation.

The influence of the i-th observation in the estimated model, is given by

J  2 ( )( ) ( ) ( )( )( )1 1 1 1log / 1 inomial Logit Modeli i ig Bπ η π η π η= − ≡

1x  2x  x logx − x  1
For and y

(Johnson(85)).

D1,2

i  2pC2

i  op1

C2

i  1
p


2
−

2

i T
Cov


2

−1 
2
−

2

i


2

i

Cov

2

≈ ZV0 ZT −1
.

D1,2

i ≡ 2n
1
′′1

D1 p

2

,p

2

i
 D1 p


2

i
,p


2

.
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Outline

Multinomial models

Statistical Inference for multinomial models
Estimators and Phi-divergence Test

Diagnostics Tools for the Multinomial Generalized Linear
Models

Computational study for some ordinal models

Multinomial Generalized 
Linear Models



María del Carmen Pardo Llorente

Preliminaries
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.

Cressie and Read (1984) divergence family

  1 ,2 ,3 ,1 ,2  -2, -1.2, 0.5 ,0.05 ,0.1 T

M  10000

( ) { }987654321
1 ,,,,,,,,,..., nnnnnnnnnnn T

N =∈= Nn

Models: Cumulative logit, Grouped Cox, Adjacent categories logit and sequencial logit. 

{ } { } { }4,3,2,1 ,0,1 ,4,3,2,1 ,8 ,2 ,4 21 ====== xxYNmJ

n1  15,15,15,15,15,15, 15,15,

n2  20,20,20,20,20,20, 20,20,

n3  30,30,30,30,30,30, 30,30,

n4  50,50,50,50,50,50, 50,50,

n5  60,60,60,60,60,60, 60,60,

n6  25,25,25,25,10,10, 10,10,

n7  50,50,50,50,15,15, 15,15,

n8  60,60,30,30,20,20, 15,15,

n9  40,40,15,15,5,5,25,25.

with

 a x  aa  1−1x a1 − x − ax − 1; a ≠ 0,a ≠ −1,

 0 x  lima→0  a x,  −1 x  lima→−1  a x,
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^
Computational study of βφ

.

To compare the members of the minimum Cressie and Read divergence estimators,

( )( )2

1

1 ˆ , 1,...5
M

a a
j jj i

i

mse j
M

β β ∗

=

= − =∑

2514 ,,3,2,1, ββββαβ ==== ∗∗∗ jjj


ji

a

j
∗

where  and  is the minimum Cressie and Read divergence

in the i –th sample.estimator of 

Mean square error
5

1

.
5

a
ja

j

mse
mse

=

= ∑β
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a -1/2 0 2/3 1 2 3
Cumulative Logit Model 0.1550 0.1139 0.1016 0.0998 0.1002 0.1038

Grouped Cox Model 0.0767 0.0518 0.0451 0.0494 0.0457 0.0488
Adjacent categories logits model 0.3021 0.2149 0.2045 0.1991 0.1983 0.2047

Sequential Logit Model 0.1312 0.0926 0.0811 0.0791 0.0783 0.0806
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Computational Study of Tn
φ

1
,φ

2 (I)

where

Simulated exact size and power of

Mj ,...,1 , =where is the estatistic for the simulated j-th sample.

δξβδ,
2/1

n : −=− nH TK

( )0 0 0 0 1   and     0T = =ξ K

( ) ( )3 ,2 ,1 ,0 ,1,2,3,,,,,, 7654321 −−−== δδδδδδδδ

Mean Gradient relative to the size

( ) ( )
( ) ( ) 2

7

4
1

4

4
6
11

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
∑=
≠
= ss

s

apoapo
apo

ag s

δ
δδ

δ

( ) ( )1,φφ a
nT

ξβ0 =TH K:

0.05=α

( ) ( )1,
,

φφ a
jnT ( ) ( )1,φφ a

nT

( )
( ) ( )( )1, 2

, 1,1 ,Number of |
,    1,...,7

a

s

s

n j nT H
po a s

M

ϕ ϕ
α δ

δ

χ −>
= =

Multinomial Generalized 
Linear Models

Co
m

pu
ta

tio
na

l s
tu

dy
 fo

r s
om

e o
rd

in
al 

m
od

els



María del Carmen Pardo Llorente.

Computational Study of Tn
φ

1
,φ

2 (II)

Cumulative logit model

Grouped Cox Model
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Computational Study of Tn
φ

1
,φ

2 (III)

Adjacents categories logits models

Sequential logít model
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Computational Study of Tn
φ

1
,φ

2 (IV)

( )( )2 2
1 1,1Asymptotic Pr ,απ χ μ χ −= >

  T KTIF,0 −1K
−1
.

  1  −3.0

with

( ) { }54321
1 ,,,,,..., nnnnnnn T

N ∈=n

( )
( )
( )
( )
( )⎪

⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=
=
=
=
=

.60,60,60,60,60,60,60,60
,50,50,50,50,50,50,50,50
,30,30,30,30,30,30,30,30
,20,20,20,20,20,20,20,20

,15,15,15,15,15,15,15,15

5

4

3

2

1

n
n
n
n
n

with
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